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Solutocapillary instabilities in liquid bridges
L. Martin Witkowskia) and J. S. Walkerb)
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~Received 29 November 2001; accepted 2 May 2002; published 20 June 2002!

The stability of a steady, axisymmetric flow driven by a surface-tension variation due to a
solute-concentration gradient is studied with a linear analysis. There is a liquid bridge with a
cylindrical free surface between two collinear solid cylinders with the same radius. One cylinder
injects the solute into the liquid as it melts at a velocityVg* , and the other cylinder preferentially
absorbs the solute from the liquid as it solidifies at the same velocity. The surface tension of the free
surface is assumed to be a linear function of the solute concentration. For given values of the
Schmidt number Sc and ofVg* , the first instability is a Hopf bifurcation at a critical value of a
solutal Marangoni number. The present problem is related to the thermocapillary convection in the
half-zone problem for which the geometry is the same, the two solids are isothermal at different
temperatures and the surface tension is a linear function of temperature. Differences arise because
the solute concentration distribution here is different from the temperature distribution in the
half-zone problem, andVg* is the variable which controls these differences. Results are presented for
a range of values ofVg* for two aspect ratios and for Sc50.5– 20. © 2002 American Institute of
Physics. @DOI: 10.1063/1.1488598#
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I. INTRODUCTION

In the floating-zone crystal-growth process, a body
molten semiconductor is held by surface tension between
melting end of a cylindrical feed rod and the solidifying e
of a collinear cylindrical crystal, as described by Kell
et al.1 The quality of the crystal depends on the liquid flo
during crystal growth, and many phenomena affect the fl
Some modeling studies, such as that by Ratniekset al.,2 have
included all the coupled phenomena with realistic geo
etries. Other modeling studies have used simplified ge
etries to thoroughly study a single phenomenon without
complex couplings of the actual process. The half-zone pr
lem is a common simplified model used to study the stabi
of the thermocapillary convection driven by the surfac
tension variation due to the temperature variation along
free surface. In the half-zone problem, the liquid is bound
by a constant-radius, cylindrical free surface and by two p
nar, solid, isothermal disks at different temperatures, and
surface tension is assumed to vary linearly with temperat
In the actual floating-zone process, the free-surface temp
ture decreases from a maximum at some intermediate
cumference to the solidification temperature at the periph
ies of both the feed rod and the crystal, so that the half-z
problem roughly models the thermocapillary convection
tween the hottest circumference and either liquid–solid in
face. Half-zone thermocapillary studies have been review
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by Kuhlmannet al.3 and generalize the fundamental instab
ity mechanisms analysis in infinite layers studied in pione
ing works by Smithet al.4 and Xuet al.5

There are many important uses for solid-solution cr
tals, such as one with 95% germanium~solvent! and 5%
silicon ~solute!, or GeSi. The surface tension of liquid sem
conductor mixtures often depends strongly on the solute c
centration. Concentration gradients arise during the floati
zone growth of solid-solution crystals because the solut
either rejected into the liquid or is preferentially absorb
into the crystal during solidification. For our GeSi examp
silicon is preferentially absorbed into the crystal, creating
silicon-depleted, germanium-rich region in the liquid ad
cent to the crystal-growth interface. The solutocapillary co
vection due to the solute-concentration dependence of
surface tension is coupled to the thermocapillary convect
buoyant convection, etc., for the actual floating-zone grow
of solid-solution crystals, but our objective is to study t
stability of solutocapillary convection without the comple
couplings of the actual process.

Relatively few publications have focused on solutoca
illary convection with or without thermocapillary convec
tion. Kaddecheet al.6 presented numerical solutions for th
coupled solutocapillary and thermocapillary convections i
rectangular geometry with a top free surface in order
model the horizontal Bridgman crystal-growth proce
Schwabeet al.7 presented an experimental study of coupl
thermocapillary and solutocapillary convections during t
transient solidification of a liquid bridge, where the solut
capillary convection arose from a surfactant. Two importa
numerical models considered solutocapillary convection i

e;
7 © 2002 American Institute of Physics
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2648 Phys. Fluids, Vol. 14, No. 8, August 2002 L. M. Witkowski and J. S. Walker
cylindrical geometry8 and a planar geometry.9 In both models
there was no solute transport across the liquid–solid in
faces, while here we emphasize the roles of solute injec
at the melting interface and the preferential solute absorp
at the solidifying interface. Campbellet al.10 presented ex-
perimental results for the floating-zone growth of GeSi cr
tals which demonstrated that the solutocapillary convec
can overwhelm the thermocapillary convection, leading t
reversal of the direction of the circulation near the cryst
growth interface. This paper presents a linear stability an
sis for the solutocapillary convection in a liquid bridge b
tween a melting feed rod and a solidifying crystal. Actu
processes involve couplings and geometric complexi
which are ignored here because an understanding of in
bilities of the solutocapillary convection alone is needed
fore treating the complex couplings of the actual proce
Our primary objective is to compare and contrast our ide
ized study of solutocapillary instabilities with the idealize
half-zone studies of thermocapillary instabilities. The diffe
ences arise primarily from the differences between the b
temperature variation in the half-zone problem and the b
solute concentration variation in the present problem. In
half-zone problem, the axial temperature variation witho
thermocapillary convection is linear, but in the present pr
lem the axial variation of the solute concentration witho
solutocapillary convection depends onVg* , i.e., the velocity
at which the feed rod melts and the crystal grows. We c
sider the preferential absorption of the solute into the crys
but the results are equally valid for solute rejection into
liquid. Preferential solute absorption into the crystal p
duces a solute-depleted region near the crystal-growth in
face, and this leads to diffusion of the solute entering at
melting interface toward the crystal-growth interface. IfVg*
is large, then the melting liquid keeps its original solute co
centration until it is relatively close to the crystal-grow
interface when the solute concentration begins to decre
due to diffusion across a mass-diffusion boundary layer
jacent to this interface. On the other hand, ifVg* is small,
diffusion dominates over convective mass transport w
Vg* , so that the solute entering the liquid at the melting
terface is immediately depleted by diffusion toward t
crystal-growth interface. ThusVg* is a key variable for our
solutocapillary convection, and it has no counterpart in
half-zone thermocapillary problem. The effects of varyi
Vg* are the primary focus of this paper. The temperature
ference along the free surface in the half-zone problem
fixed, but the solute concentration along the free surfac
our problem is a result which strong depends onVg* . There-
fore we initially use the solute concentration in the feed r
to normalize variables, and finish by rescaling the res
with the dimensionless solute concentration difference al
the free surface in order to make meaningful comparis
with the thermocapillary instability in the half-zone problem

II. PROBLEM FORMULATION

A. General formulation

We model the float-zone process as a liquid bridge w
a cylindrical free surface at a constant radiusR* and with
Downloaded 19 Aug 2002 to 130.126.33.1. Redistribution subject to A
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two plane liquid–solid interfaces at a distance of 2bR* from
each other. The geometry is sketched in Fig. 1. We norma
all geometrical quantities byR* and use cylindrical coordi-
natesr ,u,z with the z axis along the centerline of the cylin
der with the origin at the middle of the liquid region and wi
unit vectorser ,eu ,ez . The velocities, pressure, concentr
tion, and time are normalized byn/R* , rn2/R* 2, Cf* , and
R* 2/n wheren, r, andCf* are the kinematic viscosity, den
sity, and concentration of the feed rod.

The dimensionless equations governing momentum
concentration of the solute in the liquid are

]V8

]t
1~~V82Vgez!"“ !V852“P81¹2V8, ~1!

“"V850, ~2!

]C8

]t
1~~V82Vgez!"“ !C85

1

Sc
¹2C8, ~3!

whereV8, C8, P8, and t are the velocity, concentration o
the solute, pressure, and time. The dimensionless param
are the crystal-growth Reynolds and Schmidt numbers,
fined as

Vg5
Vg* R*

n
, Sc5

n

D
,

where D is the diffusion coefficient for the solute in th
solvent.

The boundary conditions for the liquid–solid interfac
are

V850,
]C8

]z
1Vg Sc~12ks!C850 at z52b,

~4!

V850,
]C8

]z
2Vg Sc~12C8!50 at z5b, ~5!

FIG. 1. Geometry with lengths normalized byR* .
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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2649Phys. Fluids, Vol. 14, No. 8, August 2002 Solutocapillary instabilities in liquid bridges
where ks is the segregation coefficient. Some backgrou
information on the segregation mechanisms can be foun
Garandetet al.11 The boundary conditions for the free su
face atr 51 are

Vr850,
]Vz8

]r
2

Ma

Sc

]C8

]z
50,

]Vu8

]r
2Vu82

Ma

Sc

]C8

]u
50,

~6!
]C8

]r
50,

where Ma is the solutal Marangoni number, defined as

Ma5
udg/dC* uCf* R*

Dn
.

In order to study the linearized equation near the criti
value, we write the velocity in the following form:

V8~r ,u,z,t !5V~r ,z!1e Real@v~r ,u,z,t !#. ~7!

Heree is a small parameter andv(r ,u,z,t) is a superposition
of complex normal modes

~v r~r ,z!,ivu~r ,z!,vz~r ,z!! exp~lt1 imu!, ~8!

wherem is the azimuthal wave number,l5l r1 il i with the
growth ratel r and the oscillation frequencyl i . A similar
formulation is used forP8(r ,u,z,t) andC8(r ,u,z,t).

B. Basic state

We use a stream-function~c!, vorticity ~V! formulation
to compute the velocity fieldV(r ,z)5Vrer1Vzez with the
following definition:

Vr5
1

r

]c

]z
, Vz52

1

r

]c

]r
, V5

]Vr

]z
2

]Vz

]r

so that the Navier–Stokes equations reduce to

]~VrV!

]r
1

]~~Vz2Vg!V!

]z
5

]2V

]r 2 1
1

r

]V

]r
2

V

r 2 1
]2V

]z2 ,

~9!

]2c

]r 2 2
1

r

]c

]r
1

]2c

]z2 5rV, ~10!

and the equation governing the basic state concentration

]~VrC!

]r
1

VrC

r
1

]~~Vz2Vg!C!

]z

5
1

ScS ]2C

]r 2 1
1

r

]C

]r
1

]2C

]z2 D . ~11!

The symmetry conditions atr 50 are c5V5]C/]r
50. The boundary conditions atz5b are c5]c/]z50,
]C/]z5Vg Sc(12C), at z52b are c5]c/]z50, ]C/]z
52Vg Sc(12ks)C, and at r 51 are c5]C/]r 50, V
52(Ma/Sc)f z(]C/]z), where f z512exp(2a(12(z/b)2)2)
~a being an arbitrary parameter! is a regularization function
introduced to remove the singularity in the corner regio
Downloaded 19 Aug 2002 to 130.126.33.1. Redistribution subject to A
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This procedure is similar to the one used by Wansch
et al.12 or Chénier et al.13 and has been discussed in detail
Canright14 and Kasperskiet al.15

The set of equations and boundary conditions are
cretized by a standard second-order accurate centered
difference scheme on a uniform grid. The Neumann bou
ary condition forc is not computed explicitly but used in th
formulation for the vorticity on the solid boundary where w
used the Thom formula. As an example, for the top wa
r iV i ,w52c i ,w21 /(Dz)2 where the subscripti is the index
for the radial grid,w is the index for the wall, andDz the
axial mesh size. The steady state solutions are computed
ing a Newton–Raphson algorithm.16 The unknowns are
properly ordered on each node to form a banded matrix
each Newton–Raphson iteration, the matrix inversion
done by the routines dgbtrf/dgbtrs taken from theLAPACK

library.17

C. Linear stability

The linear stability equations are obtained by introdu
ing Eq.~7! in Eqs.~1!–~6! and collecting all terms of ordere.
We obtain from the Navier–Stokes equations,

2

r

]

]r
~rv rVr !2m

vuVr

r
1

]

]z
~v r~Vz2Vg!!1

]

]z
~vzVr !

1
]p

]r
2S ]2v r

]r 2 1
1

r

]v r

]r
2

~11m2!v r

r 2 1
2mvu

r 2 1
]2v r

]z2 D
52lv r , ~12!

1

r

]

]r
~rvuVr !1

]

]z
~vu~Vz2Vg!!1

vuVr

r
1

mp

r
2S ]2vu

]r 2

1
1

r

]vu

]r
2

~11m2!vu

r 2 1
2mv r

r 2 1
]2vu

]z2 D52lvu , ~13!

1

r

]

]r
~rv r~Vz2Vg!!1

1

r

]

]r
~rVrvz!2m

vu~Vz2Vg!

r

12
]

]z
~vz~Vz2Vg!!1

]p

]z
2S ]2vz

]r 2 1
1

r

]vz

]r

2
m2vz

r 2 1
]2vz

]z2 D52lvz , ~14!

1

r

]~rv r !

]r
2m

vu

r
1

]vz

]z
50, ~15!

and from the equation governing the concentration of
solute in the liquid

1

r

]~rcVr !

]r
1

1

r

]~rv rC!

]r
1

]~c~Vz2Vg!!

]z
1

]~vzC!

]z

2
1

ScS ]2c

]r 2 1
1

r

]c

]r
2

m2c

r 2 1
]2c

]z2D52lc. ~16!
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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TABLE I. Comparison ofcmax for various grid sizes and regularization functions. ‘‘no cv’’ means no conv
gence could be reached in the Newton iterative process. ‘‘Shen reg’’ is a fairly smooth regularizat
described on page 920 of Wanschuraet al. ~Ref. 12!. ‘‘Spect meth’’ is an independent code we developed us
Chebyshev polynomials with 24 and 30 collocation points in the radial and axial directions, respectivel

Ma5 400 2000 4000 12 000 20 000 28 000 Grid size or Ref.

cmax5 0.5751 no cv no cv no cv no cv no cv 40340; f z51
cmax5 0.5821 1.455 no cv no cv no cv no cv 80380; f z51
cmax5 0.5819 1.456 2.317 no cv no cv no cv 80380; a5150
cmax5 0.5808 1.447 2.296 6.302 no cv no cv 80380; a550
cmax5 0.577 1.416 2.220 6.047 10.23 14.54 80380; Shen reg.
cmax5 0.5837 1.466 2.326 6.195 10.01 13.78 1603160; a5150
cmax5 0.5841 1.468 2.333 6.159 9.864 13.59 Spect metha5150
cmax5 2.33 6.15 9.75 13.16 Ref. 20~Wanschura!
cmax5 2.35 6.27 9.85 13.02 Ref. 20~Leypoldt!
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The symmetry conditions atr 50 are:v r5vu5vz5c50 for
m.1 and ]v r /]r 5]vu /]r 5vz5c50 for m51. The
boundary conditions arev r50,]vu /]r 5(Ma/Sc)f zmc,
]vz /]r 5(Ma/Sc)f z(]c/]z), ]c/]r 50, at the free surface
v r50, vu50, vz50, ]c/]z52Vg Sc c at the melting front
and v r50, vu50, vz50, ]c/]z5Vg Sc (ks21) c at the
solidification front.

As for the basic state, the equations and boundary c
ditions are discretized with finite differences. The unknow
are computed on the same grid points used for the basic
with the exception of the pressure that is located at the ce
of the cell. The choice of this scheme, sometimes called
staggered grid or semi-staggered grid scheme is simila
the one chosen by Chenet al.16 and is used mainly for its
simplicity. More details and comparisons with various oth
schemes can be found in Shihet al.18 The continuity equa-
tion is solved by a modified penalty function method, nam
Eq. ~15! is modified to

1

r

]~rv r !

]r
2m

vu

r
1

]vz

]z
5epp, ~17!

whereep is a small arbitrary constant. For all the calculatio
presented here, we found thatep51028 was adequate to en
sure that the error in the continuity equation was of the sa
order of magnitude as that associated with the second-o
accurate scheme.

The resulting discrete forms of Eqs.~12!–~14!, ~16! and
~17! and the associated boundary conditions lead to a ge
alized eigenvalue problem. The search for the leading eig
values, i.e., those with the largest real part is performed w
the help of the shift-invert spectral transformation meth
implemented inARPACK library.19 We wrote a modified ver-
sion of the corresponding driver zndrv4.

The procedure to find the critical Ma value, all oth
parameters being fixed, is an iterative zero search forl r with
the following steps:~i! the basic flow with a guessed Ma
computed by Newton’s method,~ii ! the largest real part ei
genvalue is found byARPACK, ~iii ! the next guess for Ma is
computed by a secant method. This procedure conve
usually within five or six iterations provided that the tw
initial guesses needed by the secant method are reaso
close to the solution.
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III. RESULTS

A. Validation procedure

In order to validate the general procedure, we did
slight modification to the original code so that we can co
pare our results with those obtained for the half-zone pr
lem which is a benchmark for thermocapillary instabilitie
We setVg50, C(r ,60.5)570.5 andc(r ,60.5)50. Also,
in order to have a positive value for Ma, we changed its s
in the boundary conditions at the free surface. Our probl
then corresponds to the half-zone thermocapillary prob
with C and Sc representing the temperature and the Pra
number Pr, respectively.

As in practice the Schmidt number is large, we focus
comparisons with Sc54 for which detailed results can b
found in previous studies.12,16,20We compare the maximum
value of the stream function in Table I for various grid siz
and for various regularization functions with the valu
found in Table I of Leypoldtet al.20

The regularization function for the spectral method
needed because of the singularity in the corner,12 but the
results in Table I also illustrate the need for a regularizat
function for the finite-difference method if there is a lack
resolution of the large temperature gradient in the cor
region. The effect of the regularization function is noticeab
on the maximum value ofc, and more pronounced effect
would be expected in values of the velocities close to
corners.15 Nevertheless, these variations on the base fl
have little effect on Mac , the critical values of Ma. We found
on both a coarse grid with a smooth regularization and a
grid with a stiff regularization thatm52 is the critical mode.
For the coarse 41341 grid, Mac54177 withl i528.3 using
‘‘Shen reguralization’’ and for the finer 81381 grid with a
5150, Mac54028 with l i528.3. There is satisfactory
agreement with the values of Mac54188 with l i527.9
found by Wanschuraet al.12 and of Mac53980 with l i

528.3 found by Chenet al.16 The lack of variation of Mac
with changes in accuracy for the base flow is surprising. T
lack of variation appears to arise from the fact that the k
elements in the instability are the large gradients of veloc
and temperature near the middle of the free surface, wh
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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TABLE II. Critical Marangoni number, dimensionless concentration difference along the free surface, eff
Marangoni number, Hopf frequency, critical mode, and maximum of the stream function forb50.5 and Sc
54 for various values ofVg .

Vg Mac DC Maeff l i m cmax

0.01 3.813105 5.0131023 1907 25.4 2 1.749
0.1 4.193104 4.7431022 1985 25.9 2 1.798
0.5 1.173104 0.194 2277 28.0 2 1.963
1.0 8185 0.319 2614 30.3 2 2.129
2.0 7075 0.471 3333 34.5 2 2.446
3.0 7390 0.558 4125 38.6 2 2.782
4.0 7635 0.621 4744 47.4 3 2.989
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are not affected by the boundary layers at the solid in
faces.

For Sc50.5, the critical mode and the critical Ma
rangoni value are more controversial. Wanschuraet al.12

found Mac55126 with l i5245.5 for m52 while Chen
et al.16 found Mac54516.5 with l i5250.2 for m53. Our
calculations on a 81381 grid with a550, showed thatm
53 is the critical mode for Mac54857 withl i5252.5.

Some comparisons for Sc50.02 were also done and fo
this low value of Sc the agreement was excellent for the b
flow as well as for the critical value of the Marangoni num
ber. In this case, the bifurcation is stationary withl i50 and
the critical mode ism52. We found that Mac541.09 on a
81381 grid with no regularization. Chenet al. found Mac

541.08 and Wanschuraet al.12 found Mac541.24.

B. Variation with Vg for bÄ0.5 and ScÄ4

In order to relate our results to those obtained for
half-zone thermocapillary problem, we set Sc54 and b
50.5. The value of the segregation coefficientks54.2 is
chosen to correspond with the experiments of Camp
et al.10 We choosea550 and a 1013101 grid. We give a
short comment on this point at the end of this section.

When the value ofVg is small, whereVg;0.02 would
be a typical value for alloyed crystal growth, the concent
tion gradients of the solute in the melt are small. The ax
ug 2002 to 130.126.33.1. Redistribution subject to A
r-

se

e

ll
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l

distribution of concentration can be roughly estimated by
one-dimensional model forV50 so thatC is only a function
of z. In such case,

C12d~z!512
ks21

ks
exp~2Vg Sc~z1b!!. ~18!

For Vg Sc!1, the concentration differenceDC12d

5C12d(b)2C12d(2b);2bVg Sc(ks21)/ks which is
small. ForVg50.01, DC12d50.030. This estimate is goo
as long as the velocity in the melt is small enough. For M
5103,104 and the critical Marangoni Mac53.813105, we
find thatDC5C(1,b)2C(1,2b)50.029,0.018, and 0.0050
respectively. Our Marangoni number is based on the feed
concentrationCf* rather than on a concentration differen
along the free surface. Since the dimensionless tempera
difference along the free surface is one for the half-zo
problem, we introduce an effective Marangoni Maeff

5MacDC which can only be computeda posteriori, but
which can be compared to the Ma for thermocapillary ins
bilities to reveal the effects ofVg . Thus whenVg is small,
the critical value of Maeff is very close to the Mac found in
the thermocapillary case. The critical Marangoni numb
and their associated modes can be found in Table II. T
base state velocity field consists of a single torus similar
the one for thermocapillary convection. At the free surfa
there is a strong flow convecting liquid with low concentr
FIG. 2. Contours plots ofC when Ma5Mac . ~a! C for Ma54028 ~thermocapillary half-zone configuration!; ~b! Cres for Vg50.1; ~c! Cres for Vg54.0.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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FIG. 3. Contours plots of the real and imaginary part ofvu andc when Ma5Mac . From left to right and top to bottom:~a! vur for Vg50.1; ~b! vu i for
Vg50.1; ~c! cr for Vg50.1; ~d! ci for Vg50.1; ~e! vur for Vg54; ~f! vu i for Vg54; ~g! cr for Vg54; ~h! ci for Vg54.
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tion toward the feed rod. The maximum value of the stre
function is given in Table II. The lines of constant conce
tration are represented in Fig. 2. In Fig. 2, we rescaled
concentration so thatCres5(C2C(1,2b))/DC20.5. The
rescaling has two goals: first to be able to compare the
tribution of concentration with the temperature distributi
for the half-zone problem in Fig. 2~a!, and second to be abl
to compare the concentration distribution asVg varies. Once
rescaled, the concentration distribution is almost identical
Vg50.1 andVg50.01 ~not represented here!, which indi-
cates aVg independent regime forVg!1 at the bifurcation
point. This is emphasized by the small changes in the va
of Maeff . When Vg gets larger@see Fig. 2~c!#, a boundary
Downloaded 19 Aug 2002 to 130.126.33.1. Redistribution subject to A
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e

layer develops along the solidification front atz52b and a
constant concentration central core region appears. The
dial concentration gradient due to the convection by the fl
moves closer to the free surface and down toward the so
fication front. We always found the first transition to be
Hopf bifurcation, where the mechanism is similar to a hyd
thermal wave requiring both a radial concentration gradi
at the free surface and inertial effects for instability~see
Wanschuraet al.12 for more details!. We present in Fig. 3 the
perturbed azimuthal velocity and concentration forVg50.1
and 4. The perturbation is normalized so thatvz(1,0)510.
As Vg is increased, the critical mode is changed fromm
52 to m53. This change can be explained by the fact th
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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FIG. 4. Contours plots whenVg54 of ~a! c for Ma5250; ~b! Cres for Ma5250; ~c! c for Ma52500; ~d! Cres for Ma52500.
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for smallVg the only scales are the radius and the height
the half-zone problem, the critical mode depends on the
pect ratiob. As b gets small, the critical modem increases,
as well as the critical Marangoni number. This result ho
for small values of Pr12,16 and for large values of Pr.21 In the
solutocapillary problem for large value ofVg another scaling

TABLE III. Grid size and regularization influence on Mac and cmax for
Vg54 andm53.

nr3nz a Mac cmax

41341 50 5664 3.253
61361 50 6565 3.088
1013101 50 7635 2.989
1013101 20 8011 3.035
1013101 100 7469 2.974
1413141 50 8027 2.970
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emerges, namely the thickness of the solutal boundary la
that varies as (Vg Sc)21 for Vg Sc@1. Thus large values o
Vg effectively reduce the axial scale of key phenomen
leading to largerm for the critical mode.

TABLE IV. Critical Marangoni number, concentration difference along t
free surface, effective Marangoni number, Hopf frequency, critical mo
and maximum of the stream function forb51 and Sc54.

Vg Mac DC Maeff l i m cmax

0.01 1.213105 9.2731023 1117 9.66 1 1.226
0.1 1.353104 8.5831022 1156 9.85 1 1.258
0.5 4134 0.322 1332 10.6 1 1.386
1.0 3118 0.492 1535 11.4 1 1.511
2.0 3006 0.658 1977 12.9 1 1.738
3.0 3375 0.731 2468 14.3 1 1.948
4.0 3902 0.770 3002 15.6 1 2.144
5.0 4519 0.791 3576 16.9 1 2.330
6.0 4969 0.807 4010 26.2 2 2.454
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FIG. 5. Contours plots when Ma
5Mac of ~a! c for Vg50.1; ~b! Cres

for Vg50.1; ~c! c for Vg55.0; ~d!
Cres for Vg55.0.
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For largeVg , if we increase Ma from 0 to Mac we see
that for low Ma the flow is weak and confined close tor
51,z52b. Then as Ma increases, the velocity increases
that the low concentration is convected along the free sur
leading to a radial concentration gradient. This is illustra
in Fig. 4 where we present the base flow and concentra
Downloaded 19 Aug 2002 to 130.126.33.1. Redistribution subject to A
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ce
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distribution for two values of Ma smaller than Mac . At Mac ,
the toroidal circulation expands to the entire cavity to t
point where inertia and the radial concentration gradient
strong enough to trigger a hydrosolutal wave.

We now make a brief comment on grid size and regul
ization. As Vg gets large, the resolution needs to be
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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creased. The challenge is to resolve the solutal bound
layer for the basic state. We made some grid dependence
regularization tests to confirm the choice of a 1013101 grid
and a550. In Table III, we present the results for a lar
value ofVg , which is the most computationally challengin
situation. The sensitivity to the regularization is still mode
ate. The same tests have been done forVg50.1 and showed
an overall variation of only 3% over the entire range of g
size and regularization.

C. Variation with Vg for bÄ1 and ScÄ4

The aspect ratiob50.5 studied in Sec. III B allowed u
to compare the soluto capillary flow with the thermocapilla
flow for the half-zone configuration which has been design
to represent half the domain of the crystal growth proc
where b51. For the solutocapillary convection withb51,
we keep the other parameter to be the same, namely S54
andks54.2. We also set the regularization factora550 and
used a 1013201 grid. The critical Marangoni numbers an
the associated modes can be found in Table IV for vari
values ofVg . To illlustrate, the base state, we present in F
5 the streamlines and the lines of constant concentration
a small and a large value ofVg . The concentration is res
caled in the same way as that described in Sec. III B. TheVg

independent regime forVg!1 at the bifurcation point is also
valid for this aspect ratio so that the results forVg50.01 and
Vg50.1 are almost identical after rescaling.

We notice that asVg increases, the eye of the circulatio
gets closer tor 51, z52b and a strong jet is produced at th
free surface. A regime at largeVg for which the aspect ratio
no longer plays a role due to the presence of the length s
imposed by the solutal layer is not reached forb51 and
Vg56. The recirculation is still present in most of the ce
even if the solutal layer is approximately 1/20 of the ax
length. At the transition, the inertia is always strong enou
so that with the stress free boundary condition atr 51, the jet
produced by the driving force close toz52b is not damped
until it reachesz5b. Thus even if the base flow is governe
by the solutal layer, the nature of the instability is similar
that for the half-zone aspect ratio. The transition go
through a Hopf bifurcation and an hydrosolutal wave pro
gates in the azimuthal direction. WhenVg increases, the criti-
cal mode changes fromm51 to m52 for similar reasons as
for b50.5.

D. Variation with Sc for bÄ1 and VgÄ0.1

In the experiments of Campbellet al.,10 the value of Sc
is in the range of 10–20. We study the influence of Sc
Vg50.1. As Sc is increased from 0.5 to 20, the resca
concentration does not change significantly, and the line
constant concentration are very similar to those presente
Fig. 5~b!. As can be seen in Table V,cmax is a decreasing
function of Sc while Maeff increases. The major effect o
varying Sc can be found in the phase shift between the
turbed azimuthal velocity and concentration. We presen
Table V, the phase shift
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DF5arctanS vu i~1,0!

vur~1,0! D2arctanS ci~1,0!

cr~1,0! D . ~19!

It can be noted that at low Sc, the phase shift is nearl
quarter of a period while reducing Sc further would probab
lead to a stationary transition regime as in the thermoca
lary case. For larger Sc, the phase shift is decreasing
seems to asymptote to a regime for which the ratio of m
diffusion to the momentum diffusion is no longer the key
control the hydrosolutal mechanism.

IV. CONCLUSIONS

We have studied the primary instability of an axisym
metric steady solutocapillary flow with respect to thre
dimensionnal perturbation. We did a comparison betwe
thermocapillary and solutocapillary configuration for th
base flow and the instability patterns and mechanism.
showed that there are major differences in the base flow
to a new control parameter, the growth velocity. The lat
controls the axial distribution of concentration through t
boundary conditions at the solid-melt interfaces. WhenVg

increases the concentration gradients are not uniform a
the free surface. For large values of the growth velocity,
base flow is only driven by a thin solutal layer close to t
crystal-melt interface. Even for such case, the driving ter
for instability are due to a large scale flow with inertia and
radial concentration gradient at the free surface. The per
bation pattern is then similar to an hydrothermal wave pro
gating in the azimuthal direction. For values of Sc and asp
ratios studied here, the effect ofVg is to change the azi-
muthal dominant mode as well as the critical Marango
number but do not influence the nature of the instability.

From this study, we conclude that if we retain as uniq
driving force the gradient of surface tension due to conc
tration variation, the instability is not localized to region
with strong concentration gradient but leads to a large sc
instability throughout the entire melt. A more complex stu
where both thermocapillary and solutocapillary effects
included is needed to explain the local changes close to
crystal-melt interface observed by Campbellet al.10

TABLE V. Critical Marangoni number, concentration difference along t
free surface, effective Marangoni number, Hopf frequency, critical mo
maximum of the stream function, and the phase shift forb51, Vg50.1, and
various Sc.

Sc
Mac

(3104) DC Maeff l i m cmax DF

0.5 2.84 1.8831022 533.9 26.1 1 6.560 0.219

1 2.24 3.1131022 696.9 19.6 1 3.867 0.190

2 1.70 5.2131022 886.3 14.1 1 2.192 0.176

4 1.35 8.5831022 1156 9.85 1 1.258 0.149

8 1.27 0.132 1682 6.86 1 0.7719 0.10

12 1.44 0.162 2322 5.60 1 0.6151 0.07

16 1.70 0.182 3096 4.86 1 0.5421 0.05

20 1.99 0.199 3948 4.33 1 0.4993 0.03
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