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The stability of a steady, axisymmetric flow driven by a surface-tension variation due to a
solute-concentration gradient is studied with a linear analysis. There is a liquid bridge with a
cylindrical free surface between two collinear solid cylinders with the same radius. One cylinder
injects the solute into the liquid as it melts at a veloo'@, and the other cylinder preferentially
absorbs the solute from the liquid as it solidifies at the same velocity. The surface tension of the free
surface is assumed to be a linear function of the solute concentration. For given values of the
Schmidt number Sc and 01; , the first instability is a Hopf bifurcation at a critical value of a
solutal Marangoni number. The present problem is related to the thermocapillary convection in the
half-zone problem for which the geometry is the same, the two solids are isothermal at different
temperatures and the surface tension is a linear function of temperature. Differences arise because
the solute concentration distribution here is different from the temperature distribution in the
half-zone problem, an\i;‘ is the variable which controls these differences. Results are presented for
a range of values 0¥y for two aspect ratios and for $0.5-20. ©2002 American Institute of
Physics. [DOI: 10.1063/1.1488598

I. INTRODUCTION by Kuhimannet al2® and generalize the fundamental instabil-
ity mechanisms analysis in infinite layers studied in pioneer-
In the floating-zone crystal-growth process, a body ofing works by Smithet al* and Xuet al®
molten semiconductor is held by surface tension between the There are many important uses for solid-solution crys-
melting end of a cylindrical feed rod and the solidifying endtals, such as one with 95% germaniusolveny and 5%
of a collinear cylindrical crystal, as described by Keller silicon (solute, or GeSi. The surface tension of liquid semi-
et al! The quality of the crystal depends on the liquid flow conductor mixtures often depends strongly on the solute con-
during crystal growth, and many phenomena affect the flowgentration. Concentration gradients arise during the floating-
Some modeling studies, such as that by Ratnéka.” have  zone growth of solid-solution crystals because the solute is
included all the coupled phenomena with realistic geomeither rejected into the liquid or is preferentially absorbed
etries. Other modeling studies have used simplified geominto the crystal during solidification. For our GeSi example,
etries to thoroughly study a single phenomenon without theilicon is preferentially absorbed into the crystal, creating a
complex couplings of the actual process. The half-zone probsilicon-depleted, germanium-rich region in the liquid adja-
lem is a common simplified model used to study the stabilitycent to the crystal-growth interface. The solutocapillary con-
of the thermocapillary convection driven by the surface-vection due to the solute-concentration dependence of the
tension variation due to the temperature variation along theurface tension is coupled to the thermocapillary convection,
free surface. In the half-zone problem, the liquid is boundethuoyant convection, etc., for the actual floating-zone growth
by a constant-radius, cylindrical free surface and by two plaof solid-solution crystals, but our objective is to study the
nar, solid, isothermal disks at different temperatures, and thetability of solutocapillary convection without the complex
surface tension is assumed to vary linearly with temperaturesouplings of the actual process.
In the actual floating-zone process, the free-surface tempera- Relatively few publications have focused on solutocap-
ture decreases from a maximum at some intermediate ciiary convection with or without thermocapillary convec-
cumference to the solidification temperature at the periphettion. Kaddecheet al® presented numerical solutions for the
ies of both the feed rod and the crystal, so that the half-zoneoupled solutocapillary and thermocapillary convections in a
problem roughly models the thermocapillary convection betectangular geometry with a top free surface in order to
tween the hottest circumference and either liquid—solid intermodel the horizontal Bridgman crystal-growth process.
face. Half-zone thermocapillary studies have been reviewe@chwabeet al.” presented an experimental study of coupled
thermocapillary and solutocapillary convections during the
N _ transient solidification of a liquid bridge, where the soluto-
Present address: LIMSI-CRS, BP 133, F91403 Orsay Cedex. Franc%apillary convection arose from a surfactant. Two important
electronic mail: witko@limsi.fr
PElectronic mail: jswalker@uiuc.edu numerical models considered solutocapillary convection in a
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cylindrical geometr§and a planar geometfyin both models
there was no solute transport across the liquid—solid inter-
faces, while here we emphasize the roles of solute injection Bis
at the melting interface and the preferential solute absorption z=b -

at the solidifying interface. Campbedit all® presented ex-
perimental results for the floating-zone growth of GeSi crys- X
tals which demonstrated that the solutocapillary convection
can overwhelm the thermocapillary convection, leading to a
reversal of the direction of the circulation near the crystal- r r=1
growth interface. This paper presents a linear stability analy- !
sis for the solutocapillary convection in a liquid bridge be-

tween a melting feed rod and a solidifying crystal. Actual

processes involve couplings and geometric complexities

which are ignored here because an understanding of insta-

bilities of the solutocapillary convection alone is needed be- z=-b
fore treating the complex couplings of the actual process.

Our primary objective is to compare and contrast our ideal-

ized study of solutocapillary instabilities with the idealized

half-zone studies of thermocapillary instabilities. The differ- FIG. 1. Geometry with lengths normalized B .

ences arise primarily from the differences between the basic

temperature variation in the half-zone problem and the basic

solute concentration variation in the present problem. In the o o )

half-zone problem, the axial temperature variation withoutW© Plane liquid—solid interfaces at a distance ofZ from
thermocapillary convection is linear, but in the present prob£ach other. The geometry is sketched in Fig. 1. We normalize
lem the axial variation of the solute concentration without@!l 9€ometrical quantities bi* and use cylindrical coordi-
solutocapillary convection depends mg , i.e., the velocity natesr,e,z W'th t_hez axis a_llong the cente_rllne ‘?f the Cyl"?'

at which the feed rod melts and the crystal grows. We conder with the origin at the middle of the liquid region and with

sider the preferential absorption of the solute into the crystalUNit VEClOrse: ,e,,&,. The velocities, pressure, concentra-

H H * 2/p*2 *
but the results are equally valid for solute rejection into thet'or;’ and time are normfhzed by/R*, pr?/R*%, Ct , and
R*“/v wherew, p, andC§ are the kinematic viscosity, den-

liquid. Preferential solute absorption into the crystal pro-" ,

duces a solute-depleted region near the crystal-growth intef!y» @nd concentration of the feed rod.

face, and this leads to diffusion of the solute entering at the ~ 1he dimensionless equations governing momentum and
melting interface toward the crystal-growth interfaceV/[f concentration of the solute in the liquid are

is large, then the melting liquid keeps its original solute con- gy’

Melt

QoepIng 9L

centration until it is relatively close to the crystal-growth 7+((V'—Vgez)'V)V'=—VP'+V2V’, 1)
interface when the solute concentration begins to decrease

due to diffusion across a mass-diffusion boundary layer ad- V-V’'=0, (2
jacent to this interface. On the other handVif is small, .

diffusion dominates over convective mass transport with £+((V’—V ez)-V)C’ziVZC’ @)
Vg ., so that the solute entering the liquid at the melting in- ot ¢ Sc ’

terface is immediately depleted by diffusion toward thewherev’, C’, P', andt are the velocity, concentration of

. . :
crystal-growth interface. Thugj is a key variable for our he sojute, pressure, and time. The dimensionless parameters

solutocapillary convection, and it has no counterpart in theyg the crystal-growth Reynolds and Schmidt numbers, de-
half-zone thermocapillary problem. The effects of varyingfined as

V; are the primary focus of this paper. The temperature dif-

ference along the free surface in the half-zone problem is V* R*
fixed, but the solute concentration along the free surface in  v,= S Se=—,
our problem is a result which strong depends\@n. There- v D

fore we initially use the solute concentration in the feed rod . e . .
to normalize variables, and finish by rescaling the resulté’VhereD is the diffusion coefficient for the solute in the

with the dimensionless solute concentration difference alonéowem' . o .

the free surface in order to make meaningful comparisons The boundary conditions for the liquid—solid interfaces
with the thermocapillary instability in the half-zone problem. are

Il. PROBLEM FORMULATION Vi=0, —+VySdl-k)C'=0 at z=-b,

A. General formulation (4

!

We model the float-zone process as a liquid bridge with ' 07__ - _
a cylindrical free surface at a constant radRis and with V=0, 0z VgSA1-C)=0 at z=b, ®)
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where kg is the segregation coefficient. Some backgroundThis procedure is similar to the one used by Wanschura
information on the segregation mechanisms can be found iat al? or Chenier et al*®* and has been discussed in detail by

Garandetet al*

face atr=1 are

V=0 v, |\/|a(9(:’_0 Ny MaaC’_O
> or Scaz ' ar 7 Scab

6
ac (6)
o

where Ma is the solutal Marangoni number, defined as

" |dy/dC*|CF R*
Dv ’

The boundary conditions for the free sur- Canright* and Kaspersket a

|15

The set of equations and boundary conditions are dis-
cretized by a standard second-order accurate centered finite
difference scheme on a uniform grid. The Neumann bound-
ary condition forys is not computed explicitly but used in the
formulation for the vorticity on the solid boundary where we
used the Thom formula. As an example, for the top wall:
riQ w=2¢; w_1/(Az)? where the subscript is the index
for the radial grid,w is the index for the wall, and\z the
axial mesh size. The steady state solutions are computed us-
ing a Newton—Raphson algorithth. The unknowns are
properly ordered on each node to form a banded matrix. At
each Newton—Raphson iteration, the matrix inversion is
done by the routines dgbtrf/dgbtrs taken from therACK

In order to study the linearized equation near the criticaljprary 1’

value, we write the velocity in the following form:

V'(r,0,z,t)=V(r,z)+e Realv(r,0,z1)]. (7)

Heree is a small parameter andr, 6,z,t) is a superposition
of complex normal modes

(v,(r,2),ivy(r,z),v,(r,2)) expAt+im8o), (8)

wherem is the azimuthal wave number= X\, +i\; with the
growth rate\, and the oscillation frequency;. A similar
formulation is used foP'(r,6,z,t) andC'(r,6,z,t).

B. Basic state

We use a stream-functiof), vorticity (2) formulation
to compute the velocity field/(r,z)=V,e +V,e, with the
following definition:

1o

104 v,
Troaz’ B

oo 9z ar

o,

Vi

so that the Navier—Stokes equations reduce to
AVQ) I(V,=Vg)Q) 20 140 Q 5°Q
+ ==t =+,
ar rar r 9z

ar 0z

©
Py Loy Py
W ra e 10

and the equation governing the basic state concentration is

a(V,C) V,C  a((V,~VgC)
+ +

ar r Jz
1 azc+1ac+azc 1
“sdaztra vz (11)

The symmetry conditions at=0 are ¢=Q=JC/or
=0. The boundary conditions a=b are =yl z=0,
dCldz=VySc(1-C), at z=—b are =9yl 3z=0, JC/ 3z
=—VySc(1-kgC, and atr=1 are ¢y=3dClor=0, Q
= —(Ma/Sc)f (9C/3z), where f,=1—exp(—a(1—(Zb)?)?)
(a being an arbitrary paramejes a regularization function

introduced to remove the singularity in the corner region.

C. Linear stability

The linear stability equations are obtained by introduc-
ing Eq.(7) in Egs.(1)—(6) and collecting all terms of ordet
We obtain from the Navier—Stokes equations,

1% 9Vr
r

J J
+ 5(Ur(vz_vg))+ E(Uzvr)

1ov, (1+m?v, 2mu, v,
Plrraie Tt
r r or r r 0z

(12

vV, mp ((9209

1o V,)+ J V,—V,))+
r&r(rva r) 02(09( —Vy)) r r ar2

1av, (1+m?uv, 2mv, v,
—_— + —_ —
roor re re Jz° Mg, (13
14 19 v (V= V)
—_— — +__ — —_ =
rﬁr(rvr(vz Vg)) I'ﬂl’(rVrUZ) m r
+2<9 Vv +<9p v, 1 v,
oz WAV Vot oo Gt e
mzvz é’zvz
— r2 +? :_}\UZ, (14)
1d(rv,) vy du,
o MT o (19

and from the equation governing the concentration of the
solute in the liquid

1 4(rcV,) N 1d(rv,C) N a(c(V,—Vy)) N d(v,C)
r ar r ar 9z 0z

1(d°c 1dc mPc d°c

—— | —4+ - ———+—]=—\c.
Sclar? " roar 1?2 97 e

(16)
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TABLE I. Comparison ofy,. for various grid sizes and regularization functions. “no cv” means no conver-
gence could be reached in the Newton iterative process. “Shen reg” is a fairly smooth regularization as
described on page 920 of Wanschetaal. (Ref. 19. “Spect meth” is an independent code we developed using
Chebyshev polynomials with 24 and 30 collocation points in the radial and axial directions, respectively.

Ma= 400 2000 4000 12000 20000 28000  Grid size or Ref.
Ymax— 0.5751 no cv no cv no cv no cv no cv AQLO; f,=1
Ymax—= 0.5821 1.455 no cv no cv no cv no cv 880; f,=1
Ymax— 0.5819 1.456 2.317 no cv no cv no cv »880; a=150
Ymax— 0.5808 1.447 2.296 6.302 no cv nocv >880; a=50
Ymax= 0.577 1.416 2.220 6.047 10.23 14.54  X880; Shen reg.
Ymax— 0.5837 1.466 2.326 6.195 10.01 13.78 ¥660; @=150
Ymax= 0.5841 1.468 2.333 6.159 9.864 13.59 Spect methl50
Ymax— 2.33 6.15 9.75 13.16 Ref. 20Vanschura
Umax= 2.35 6.27 9.85 13.02 Ref. 2Qeypold}
The symmetry conditions at=0 are:v,=v,=v,=c=0 for  Ill. RESULTS

m>1 and dv,/dr=dv,yldr=v,=c=0 for m=1. The
boundary conditions arev,=0,Jv,/dr=(Ma/Sc)f ,mc,

A. Validation procedure
dv,Ildr=(MalSc)f ,(dcl9z), dclar=0, at the free surface;

v,=0,v4=0,v,=0, dc/dz=—VyScc at the melting front In order to validate the general procedure, we did a
and v, =0, v,=0, v,=0, dc/dz=V4Sc (ks—1) c at the slight modification to the original code so that we can com-
solidification front. pare our results with those obtained for the half-zone prob-

As for the basic state, the equations and boundary corlem which is a benchmark for thermocapillary instabilities.
ditions are discretized with finite differences. The unknownsWe setV =0, C(r,=0.5)= 0.5 andc(r,+0.5)=0. Also,
are computed on the same grid points used for the basic floim order to have a positive value for Ma, we changed its sign
with the exception of the pressure that is located at the centén the boundary conditions at the free surface. Our problem
of the cell. The choice of this scheme, sometimes called 4/then corresponds to the half-zone thermocapillary problem

staggered grid or semi-staggered grid scheme is similar t@ith C and Sc representing the temperature and the Prandtl
the one chosen by Cheet al*® and is used mainly for its number Pr, respectively.

simplicity. More details and comparisons with various other  As in practice the Schmidt number is large, we focus on
. . 8 . . . X X X 1

schemes can be found in Shihal® The continuity equa- comparisons with Se4 for which detailed results can be

tion is solved by a modified penalty function method, namelyfgnd in previous studie®62We compare the maximum

Eq. (15 is modified to value of the stream function in Table | for various grid sizes

and for various regularization functions with the values
1 d(rv,) vy du,

76, %Pz _ found in Table | of Leypoldet al?°
rar M+ 5z ~ P 17 P

The regularization function for the spectral method is

wheree, is a small arbitrary constant. For all the CalculationsneedEd. because of the singularity in the coffieat the .
presented here, we found tha— 10~ was adequate to en- results in Table | also illustrate the need for a regularization
sure that the error in the continuity equation was of the Saméunc?ofn for ':ch;ahfm;te-dlffterence rtnethod 'L.thetre. 'Stﬁ lack of
order of magnitude as that associated with the second-ord&fSOution ot the arge temperature gradient in the corner
accurate scheme. region. The effect of the regularization function is noticeable
The resulting discrete forms of Eq4.2)—(14), (16) and on the maximum va!ue ofy, and more pronqunced effects
(17) and the associated boundary conditions lead to a geneffould slig expected in values of the velocities close to the
alized eigenvalue problem. The search for the leading eigerfOMers:” Nevertheless, these variations on the base flow
values, i.e., those with the largest real part is performed witfhave little effect on Mg, the critical values of Ma. We found
the help of the shift-invert spectral transformation methodon both a coarse grid with a smooth regularization and a fine
implemented inARPACK library.*® We wrote a modified ver- 9rid with a stiff regularization thath=2 is the critical mode.

sion of the corresponding driver zndrv4. For the coarse 4141 grid, Ma=4177 with\;=28.3 using
The procedure to find the critical Ma value, all other “Shen reguralization” and for the finer 8481 grid with «
parameters being fixed, is an iterative zero search favith ~ =150, Ma=4028 with \;=28.3. There is satisfactory

the following stepsti) the basic flow with a guessed Ma is agreement with the values of Ma4188 with \;=27.9
computed by Newton’s methodij) the largest real part ei- found by Wanschureet al’® and of Ma=3980 with \;
genvalue is found byRPACK, (iii) the next guess for Ma is = 28.3 found by Cheret al® The lack of variation of Ma
computed by a secant method. This procedure convergegith changes in accuracy for the base flow is surprising. This
usually within five or six iterations provided that the two lack of variation appears to arise from the fact that the key
initial guesses needed by the secant method are reasonalgigments in the instability are the large gradients of velocity
close to the solution. and temperature near the middle of the free surface, which
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TABLE Il. Critical Marangoni number, dimensionless concentration difference along the free surface, effective
Marangoni number, Hopf frequency, critical mode, and maximum of the stream functidn=f6r5 and Sc
=4 for various values o¥, .

Vg Mac AC Maeff )\i m lpmax
0.01 3.8X10° 5.01x10°3 1907 25.4 2 1.749
0.1 41910 4.74x1072 1985 25.9 2 1.798
0.5 1.1%&10* 0.194 2277 28.0 2 1.963
1.0 8185 0.319 2614 30.3 2 2.129
2.0 7075 0.471 3333 345 2 2.446
3.0 7390 0.558 4125 38.6 2 2.782
4.0 7635 0.621 4744 47.4 3 2.989

are not affected by the boundary layers at the solid interdistribution of concentration can be roughly estimated by the
faces. one-dimensional model for =0 so thatC is only a function

For Sc=0.5, the critical mode and the critical Ma- of z. In such case,
rangoni value are more controversial. Wanschetal!?
found Ma=5126 with \;=245.5 for m=2 while Chen ke—1
et al® found Ma=4516.5 withA;=250.2 form=3. Our C1-4(2)=1— — —exp(—VySdz+b)). (18)
calculations on a 8181 grid with =50, showed tham s
=3 is the critical mode for Ma= 4857 with\;=252.5.

Some comparisons for Sd.02 were also done and for
this low value of Sc the agreement was excellent for the bas
flow as well as for the critical value of the Marangoni num-
ber. In this case, the bifurcation is stationary with=0 and
the critical mode ism=2. We found that Mg=41.09 on a
81x 81 grid with no regularization. Cheet al. found Ma,
=41.08 and Wanschuret al? found Mg =41.24.

For VgSc<l, the concentration differenceAC; 4
=C;_4(b)—Cy_4(—b)~2bVyScks—1)/ks which s
Emall. ForVy=0.01,AC; 4=0.030. This estimate is good
as long as the velocity in the melt is small enough. For Ma
=10%10* and the critical Marangoni Mas 3.81xX 10°, we
find thatAC=C(1,b) - C(1,—b)=0.029,0.018, and 0.0050,
respectively. Our Marangoni number is based on the feed rod
concentrationCf rather than on a concentration difference
along the free surface. Since the dimensionless temperature
difference along the free surface is one for the half-zone
problem, we introduce an effective Marangoni JMa

In order to relate our results to those obtained for the=Ma.,AC which can only be computed posteriorj but
half-zone thermocapillary problem, we set=5¢€ and b  which can be compared to the Ma for thermocapillary insta-
=0.5. The value of the segregation coefficidnt=4.2 is  bilities to reveal the effects df,. Thus whenV, is small,
chosen to correspond with the experiments of Campbelihe critical value of Mg is very close to the Mafound in
et all® We choosea=50 and a 10% 101 grid. We give a the thermocapillary case. The critical Marangoni numbers
short comment on this point at the end of this section. and their associated modes can be found in Table II. The

When the value oW, is small, wherevV ~0.02 would  base state velocity field consists of a single torus similar to
be a typical value for alloyed crystal growth, the concentrathe one for thermocapillary convection. At the free surface,
tion gradients of the solute in the melt are small. The axiakthere is a strong flow convecting liquid with low concentra-

B. Variation with  V,, for b=0.5 and Sc=4

05

0.4

03

0.2

0.1

0.2

FIG. 2. Contours plots o€ when Ma=Ma. . (&) C for Ma=4028 (thermocapillary half-zone configuratinr{b) Csfor V4=0.1; (c) C,sfor Vy=4.0.
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FIG. 3. Contours plots of the real and imaginary parvgfandc when Ma=Ma.. From left to right and top to botton(a) v, for Vy=0.1; (b) v for
Vy=0.1; (c) ¢, for Vg=0.1; (d) c; for V4=0.1; (€) vy for Vg=4; (f) vy for Vg=4; (g) ¢, for V4=4; (h) ¢; for Vy=4.

tion toward the feed rod. The maximum value of the streamayer develops along the solidification frontzat —b and a
function is given in Table Il. The lines of constant concen-constant concentration central core region appears. The ra-
tration are represented in Fig. 2. In Fig. 2, we rescaled thelial concentration gradient due to the convection by the flow
concentration so tha€C,.~(C—C(1,—b))/AC—-0.5. The moves closer to the free surface and down toward the solidi-
rescaling has two goals: first to be able to compare the didication front. We always found the first transition to be an
tribution of concentration with the temperature distribution Hopf bifurcation, where the mechanism is similar to a hydro-
for the half-zone problem in Fig.(8), and second to be able thermal wave requiring both a radial concentration gradient
to compare the concentration distribution\4svaries. Once at the free surface and inertial effects for instabiligee
rescaled, the concentration distribution is almost identical foanschuraet al}? for more details We present in Fig. 3 the
V¢=0.1 andVy=0.01 (not represented herewhich indi-  perturbed azimuthal velocity and concentration ¥y=0.1
cates aV, independent regime fov,<1 at the bifurcation and 4. The perturbation is normalized so tha{1,0)=10.
point. This is emphasized by the small changes in the valuds V, is increased, the critical mode is changed fram

of Mags. When 'V, gets largef{see Fig. Z)], a boundary =2 to m=3. This change can be explained by the fact that
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0.4 e ................... .................... .................. 4

FIG. 4. Contours plots wheW =4 of (&)  for Ma=250; (b) C,sfor Ma=250; (c) ¢ for Ma=2500; (d) C,e, for Ma=2500.

for small Vg the only scales are the radius and the height. Iremerges, namely the thickness of the solutal boundary layer
the half-zone problem, the critical mode depends on the aghat varies as\( Sc)? for Vg Sc>1. Thus large values of

pect ratiob. As b gets small, the critical mode increases,

V, effectively reduce the axial scale of key phenomenon,

as well as the critical Marangoni number. This result holddeading to largem for the critical mode.

for small values of P#®and for large values of Bt.In the
solutocapillary problem for large value ¥f; another scaling

TABLE IIl. Grid size and regularization influence on Mand ¢, for

Vg=4 andm=3.
nrxnz a Ma, Ymax
41Xx41 50 5664 3.253
61x61 50 6565 3.088
101x 101 50 7635 2.989
101x101 20 8011 3.035
101x 101 100 7469 2974
141x141 50 8027 2.970

TABLE IV. Critical Marangoni number, concentration difference along the
free surface, effective Marangoni number, Hopf frequency, critical mode,
and maximum of the stream function for=1 and Se=4.

Vg Mat AC Maeff )\i m ’»bmax
001 12X10° 9.27x10°3 1117 9.66 1 1.226
0.1 1.35<10*  8.58x10°? 1156  9.85 1 1.258
0.5 4134 0.322 1332  10.6 1 1.386
1.0 3118 0.492 1535  11.4 1 1.511
2.0 3006 0.658 1977 129 1 1.738
3.0 3375 0.731 2468  14.3 1 1.948
4.0 3902 0.770 3002 15.6 1 2.144
5.0 4519 0.791 3576  16.9 1 2.330
6.0 4969 0.807 4010 26.2 2 2.454
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FIG. 5. Contours plots when Ma
=Ma; of (@) ¢ for Vy=0.1; (b) Cres
for V4=0.1; (¢) ¢ for V4=5.0; (d)
Cresfor Vy=5.0.

For largeV
that for low Ma the flow is weak and confined closerto the toroidal circulation expands to the entire cavity to the
=1,z=—b. Then as Ma increases, the velocity increases spoint where inertia and the radial concentration gradient are
that the low concentration is convected along the free surfacstrong enough to trigger a hydrosolutal wave.
leading to a radial concentration gradient. This is illustrated  We now make a brief comment on grid size and regular-
in Fig. 4 where we present the base flow and concentratioization. As V, gets large, the resolution needs to be in-

g if we increase Ma from 0 to Mawe see distribution for two values of Ma smaller than MaAt Ma,,
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creased. The challenge is to resolve the solutal boundardABLE V. Critical Marangoni number, concentration difference along the

|ayer for the basic state. We made some grid dependence afige surface, effective Marangoni number, Hopf frequency, critical mode,
. L . . maximum of the stream function, and the phase shifbferl, V,=0.1, and

regularization tests to confirm the choice of a X001 grid | ,/ious sc.

and a=50. In Table Ill, we present the results for a large

value ofVy, which is the most computationally challenging Ma,
situation. The sensitivity to the regularization is still moder- Sc¢ (X109 AC Magr — Ni o M Yma AP
ate. The same tests have been done/fpr 0.1 and showed 05 284 18%102 5339 261 1 6560 0219
an overall variation of only 3% over the entire range of grid 204 31K10°2 6969 196 1 3.867  0.190
size and regularization. 2 170 52x10°? 8863 141 1 2192 0176
135 85%10°2 1156 9.85 1 1.258  0.149
8 1.27 0132 1682 686 1 07719 0.105
C. Variation with v, for b=1 and Sc=4 12 144 0162 2322 560 1 06151 0074
The aspect ratidb= 0.5 studied in Sec. Il B allowed us 16 170 0182 309 486 1 05421 0.051
to compare the soluto capillary flow with the thermocapillary 20~ 1.99  0.199 3948 433 1 04993 0031
flow for the half-zone configuration which has been designed
to represent half the domain of the crystal growth process
whereb=1. For the solutocapillary convection with=1,
we keep the other parameter to be the same, nameh4Sc v4i(1,0 ci(1,0
andks=4.2. We also set the regularization factes 50 and Ab= arctar( vm(l,o)) —arct réc:r(l,o) ' (19

used a 10k 201 grid. The critical Marangoni numbers and It can be noted that at low Sc, the phase shift is nearly a

the associated modes can be found in Table IV for various uarter of a period while reducing Sc further would probabl
values ofV. To illlustrate, the base state, we present in Fig.q P g b y

. : : lead to a stationary transition regime as in the thermocapil-
5 the streamlines and the lines of constant concentration f

I and a | lue of Th o %\ry case. For larger Sc, the phase shift is decreasing and
a small and a large value ofy. The concentration IS 1es-  goomq ¢ asymptote to a regime for which the ratio of mass

caled in the same way as that described in Sec. Il B.Whe it sion to the momentum diffusion is no longer the key to
independent regime fdrg<1 at the bifurcation pointis also  ~,ntrol the hydrosolutal mechanism.

valid for this aspect ratio so that the results ¥g=0.01 and
Vy=0.1 are almost identical after rescaling.

We notice that a¥ increases, the eye of the circulation IV. CONCLUSIONS
gets closer t@ =1, z= — b and a strong jet is produced at the
free surface. A regime at largg, for which the aspect ratio We have studied the primary instability of an axisym-
no longer plays a role due to the presence of the length scafdetric steady solutocapillary flow with respect to three-
imposed by the solutal layer is not reached bor1 and dimensionnal perturbation. We did a comparison between
Vy=6. The recirculation is still present in most of the cell thermocapillary and solutocapillary configuration for the
even if the solutal layer is approximately 1/20 of the axialbase flow and the instability patterns and mechanism. We
length. At the transition, the inertia is always strong enougtshowed that there are major differences in the base flow due
so that with the stress free boundary condition=atl, the jet  t0 @ new control parameter, the growth velocity. The latter
produced by the driving force close #e= —b is not damped controls the axial distribution of concentration through the
until it reachesz=b. Thus even if the base flow is governed Poundary conditions at the solid-melt interfaces. When
by the solutal layer, the nature of the instability is similar toincreases the concentration gradients are not uniform along
that for the half-zone aspect ratio. The transition goeéhe free su.rface. Fo_r large valugs of the growth velocity, the
through a Hopf bifurcation and an hydrosolutal wave propa_base flow |s.onIy driven by a thin solutal layer clp§e to the
gates in the azimuthal direction. Wh¥f increases, the criti- crystal-melt interface. Even for such case, the driving terms
cal mode changes from=1 to m=2 for similar reasons as for instability are due to a large scale flow with inertia and a

for b=05 radial concentration gradient at the free surface. The pertur-
o bation pattern is then similar to an hydrothermal wave propa-
o ; _ _ ating in the azimuthal direction. For values of Sc and aspect

D. Variation with Sc for b=1 and V,=0.1 gating P

ratios studied here, the effect df; is to change the azi-

In the experiments of Campbedt al,™ the value of Sc muthal dominant mode as well as the critical Marangoni
is in the range of 10-20. We study the influence of Sc fornumber but do not influence the nature of the instability.
Vyg=0.1. As Sc is increased from 0.5 to 20, the rescaled From this study, we conclude that if we retain as unique
concentration does not change significantly, and the lines dadriving force the gradient of surface tension due to concen-
constant concentration are very similar to those presented imation variation, the instability is not localized to regions
Fig. 5b). As can be seen in Table \/i,o iS @ decreasing with strong concentration gradient but leads to a large scale
function of Sc while Mgy increases. The major effect of instability throughout the entire melt. A more complex study
varying Sc can be found in the phase shift between the pewhere both thermocapillary and solutocapillary effects are
turbed azimuthal velocity and concentration. We present inncluded is needed to explain the local changes close to the
Table V, the phase shift crystal-melt interface observed by Campheilial X°

|.,10
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