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Nonaxisymmetric flow in a finite-length cylinder with a rotating
magnetic field
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This paper treats the flow of an electrically conducting liquid in an insulating cylinder with a
spatially uniform, transverse, rotating magnetic field. The frequency of the externally applied
magnetic field is sufficiently low that this field penetrates throughout the liquid. Previous
researchers have treated the steady, axisymmetric flow driven by the azimuthal average of the
electromagnetic body force. This paper presents an analytical solution for the nonaxisymmetric flow
perturbation driven by the deviation of the body force from its azimuthal average. For the magnetic
field strengths and frequencies currently used in crystal-growth processes, the values of the
interaction parameterN and the Reynolds number Re, both based on the frequency of the magnetic
field, are small and large, respectively. The results of the appropriate asymptotic analysis show that
the ratio of the nonaxisymmetric flow to the axisymmetric one is extremely small, thus validating
the common neglect of the nonaxisymmetric flow. Therefore a rotating magnetic field may provide
beneficial stirring without disturbing the desirable axisymmetric distribution of additives in the
liquid. © 1999 American Institute of Physics.@S1070-6631~99!01407-5#
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I. INTRODUCTION

Since most molten semiconductors are good electr
conductors, an externally applied magnetic field can be u
to control the motion of the liquid during the growth o
single crystals in order to produce better crystals. Rec
experiments have shown that certain periodic, transve
magnetic fields, called rotating magnetic fields~RMFs!, pro-
duce much better solid-solution or alloyed crystals1,2 and re-
duce small-scale spatial oscillations of the additive conc
tration in nearly pure crystals.3 Most crystal-growth system
have axisymmetric geometries. An RMF is produced by
number of magnet poles which are placed at equally spa
azimuthal positions around the crystal-growth furnace a
which are connected to the successive phases of a multip
electric power source. This arrangement produces an es
tially constant magnetic-field pattern which rotates in the a
muthal direction with an angular velocityv/p, wherev is the
circular frequency of the magnetic field andp is the ratio of
the number of poles to the number of phases in the po
source. The pattern of the RMF depends onp. If p51, e.g., a
three-phase power source and three magnet poles, the
RMF is essentially uniform over eachz5constant plane,
where r , u, z are cylindrical coordinates with thez-axis
along the center line of the crystal-growth furnace, with t
origin at the middle of the liquid region and with unit vecto
r̂ , û, ẑ. We assume that the magnet poles are axially lo
enough that the RMF is spatially uniform over the ent
liquid region and we restrict our study top51.

At present, RMFs are being used in Bridgma
floating-zone,3 and traveling heater method4 crystal-growth
systems. We only consider the Bridgman process where
molten semiconductor is contained in a cylindrical, elec
1821070-6631/99/11(7)/1821/6/$15.00
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cally insulating ampoule and the crystal grows axially from
seed at one end of the ampoule. In order to compute typ
values of the important dimensionless parameters, we use
properties of molten silicon with an electrical conductivi
s5106 S/m, densityr52530 kg/m3, and dynamic viscos-
ity m5731024 Pa-s.5 The parameter values for gallium
arsenide, indium-phosphide and germanium-silicon do
differ by more than a factor of two from those for silicon
For our typical values, the inside radius of the ampo
R51 cm andv5100p rad/s~50 Hz!.

The periodic applied magnetic field produces elect
currents in the electrically conducting liquid, and these c
rents produce an induced magnetic field which tends to c
cel the applied field in the interior of the liquid. The chara
teristic ratio of the induced to applied magnetic fie
strengths for an RMF is the shielding parameter,Rv

5mpsvR2, wheremp is the magnetic permeability of th
liquid. Our typical value isRv50.0395,which is definitely
small enough to neglect the induced magnetic field,6,7 so that
the applied field penetrates throughout the liquid. There
also an induced field associated with the liquid motion, bu
is even smaller.

Three remaining dimensionless numbers complete
set of important parameters. The first is the instantane
aspect ratio, which is defined as the axial length of the liq
region divided by the inside diameter of the ampoule a
which varies from a large value to zero during a cryst
growth process. Since crystal-growth processes are
tremely slow, quasisteady solutions for each instantane
value of the aspect ratio are appropriate. For the other
key parameters, we use the interaction parameterN
5sB2/rv and the Reynolds number Re5rvR2/m, both
1 © 1999 American Institute of Physics
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based on frequency, whereB is the magnetic flux density o
the spatially uniform RMF. Other pairs of dimensionless p
rameters, such as Hartmann number and magnetic Ta
number, can be defined as products of powers ofN and Re.
In a fixed laboratory reference frame, the time scale for
ertia is determined by the frequencyv of the periodic forces,
so thatN and Re are the characteristic ratios of the larg
inertial term in the Navier-Stokes equation with the elect
magnetic body force term and viscous term, respectiv
Our typical values areN51.5B2 and Re51.143105, with
B in tesla. If N@1 and Re@1, most of the fluid motion
approaches a rigid-body rotation with the RMF,8,9 while the
nonaxisymmetric and axisymmetric flows are both com
rable tovR. However,B ranges from 1 to 10 mT for RMFs
currently being used in crystal growth, so thatN<0.000 15
for 50 Hz. ForN!1, the dimensional velocity in the labo
ratory frame is much smaller thanvR, so that the induced
electric field due to the interaction of the melt motion and
RMF is negligible in Ohm’s law for the laboratory frame
and the problem governing the leading-order variables
comes two sequential problems.10 The dimensionless electri
current densityj , electric potential functionf, and electro-
magnetic~EM! body force due to the interaction ofj and the
RMF are determined in the first problem, and then the fl
driven by the EM body force is determined in the seco
problem. The leading-order term for the EM body force
the laboratory frame consists of a steady, axisymmetric,
muthal force, plus a three-dimensional force whose com
nents vary as the sine or cosine of 2(u2vt) and which we
call the nonaxisymmetric body force. If the cylinder is in
nitely long and all variables are independent ofz, then the
nonaxisymmetric body force is irrotational, so that it on
produces a nonaxisymmetric pressure and it does not d
any flow.10 However, for a finite-length cylinder where all o
part of the axial electric current is blocked by the ends of
cylinder, the nonaxisymmetric body force is not irrotation
and cannot be balanced by a pressure gradient. A co
quence of assuming thatN!1 is that, to leading order, th
fluid does not respond to the nonaxisymmetric body fo
because in the laboratory frame this force oscillates w
twice the frequency of the RMF, i.e., the velocity produc
during a half period of this force is small compared to t
velocity produced by the steady, axisymmetric part of
leading-order EM body force.10,11 Therefore most previous
researchers have presented solutions for the steady, axi
metric flow driven by the azimuthal average of the lead
order EM body force due to the RMF.10

This paper presents an analytical solution for the
steady, nonaxisymmetric flow perturbation driven by t
nonaxisymmetric body force, i.e., the deviation of t
leading-order EM body force from its azimuthal averag
The primary purpose of this paper is to quantify the mag
tude of the small unsteady nonaxisymmetric flow and ho
fully to validate the common neglect of this flow for th
RMFs currently used in crystal-growth processes. Our s
ond purpose reflects the current interest in the stability of
steady axisymmetric flow driven by an RMF. Since a sm
but finite-amplitude periodic perturbation which is alwa
present may affect the stability of the steady axisymme
-
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flow, the solutions presented here may be used in future
bility analyses.

II. PROBLEM FORMULATION AND SOLUTION

With r andz normalized byR, the boundaries of the fluid
region are atr51 and atz56a, where 2aR is the dimen-
sional length of this region. In the Bridgman crystal-grow
process, the aspect ratioa decreases as the crystal grow
from one end of the ampoule, but crystal growth is so sl
that the motion of the crystal-melt interface can be ignored
the flow problem. The ampoule is an electrical insulator,
the crystal has a nonzero electrical conductivity. For silic
the electrical conductivity of the crystalss50.05s.5 For N
@1, the parameter which reflects the role of the crysta
electrical conductivity is Hass /s, where Ha5BR(s/m)1/2

is the Hartmann number. Since the value of Ha is alwa
large whenN is large, the crystal is a very important part
the electrical circuit.9 For N!1, the parameter reflecting th
role of the crystal’s conductivity is simplyss /s, or 0.05 for
silicon, so that we treat the crystal as an electrical insulato
the present smallN asymptotic solution.

We use a noninertial reference frame which rotates w
the RMF at the constant angular velocityv around thez axis.
In this rotating frame, the RMF and the flow are both stea
while the ampoule and crystal rotate with an angular veloc
2v ẑ. The dimensional azimuthal liquid velocity in the ro
tating reference frame equals that in the laboratory fra
minusvRr. Thus the laboratory-frame time derivative in th
Navier-Stokes equations becomes2v]/]u from the azi-
muthal convective derivative in the rotating frame. Similar
the time derivative of the magnetic field in Faraday’s law f
the laboratory frame becomes an induced electric fi
(2vrRû)3Bb̂ in Ohm’s law for the rotating frame. With
the u50 radius parallel to the spatially uniform RMF, th
RMF is Bb̂, where the unit vectorb̂5cosur̂2sinuû. With
the assumption thatRv!1, the dimensionless governin
equations in the noninertial rotating reference frame are

~v•¹!v22v3 ẑ2r r̂52¹p1Nj3b̂1Re21¹2v, ~1a!

j52¹f1v3b̂, ~1b!

¹•v50, ~1c!

¹• j50, ~1d!

wherev is the liquid’s velocity in the rotating frame norma
ized byvR, p is the pressure normalized byrv2R2, j is the
electric current density normalized bysvRB, andf is the
electric potential function in the rotating frame normaliz
by vR2B. Equation~1a! is the Navier-Stokes equation wit
the Coriolis acceleration22v3 ẑ, the centripetal accelera
tion 2r r̂ , and the EM body forceNj3b̂; Eq. ~1b! is Ohm’s
law, Eq.~1c! is conservation of mass, and Eq.~1d! is a solu-
bility condition which insures that a solution for the ignore
O(Rv) induced magnetic field is possible.

In this rotating reference frame,v52r û, plus smaller
terms. The O~1! j and f are governed by Eq.~1d! and Eq.
~1b!, which becomes
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j52¹f1r cosu ẑ. ~2!

The boundary conditions on the electrical variables are

j r50 at r 51, ~3a!

j z50 at z56a. ~3b!

The problem governingj andf is linear, so that the Fourie
components inu are independent of each other. The on
inhomogeneous term in the boundary value problems for
various Fourier components arises from ther cosu term in
Eq. ~2! through Eqs.~3b!, so that only one Fourier compo
nent is nonzero andf5cosuF(r,z). There is a simple
separation-of-variables solution forF,12

F5 (
n51

`
2J1~lnr !sinh~lnz!

ln~ln
221!J1~ln!cosh~lna!

, ~4!

whereJk is the Bessel function of the first kind andkth order,
while ln are the roots oflnJ0(ln)2J1(ln)50.

We define the axisymmetric velocityva(r ,z) as the azi-
muthal average ofv and the nonaxisymmetric velocit
vn(r ,u,z)5v2va . We use the same process to splitp into
pa ~r,z! and pn(r ,u,z). To each order in the asymptotic so
lution, the equations governingva and pa are given by the
azimuthal averages of Eqs.~1a! and~1b!, while the equations
governingvn and pn are given by Eqs.~1a! and ~1b!, each
minus its azimuthal average. There are certainly coupli
between the two problems beyond the first-order ter
Splitting the problem into axisymmetric and nonaxisymm
ric problems before introducing asymptotic expansions
duces the complexity arising from the different possible
lationships between the two parametersN and Re.

For the axisymmetric flow, the dimensionless bound
value problem involves a single parameter which is the m
netic Taylor numberTm5(1/2)Re2N5rvsB2R4/2m2. For
the axisymmetric problem, inertial or viscous terms dom
nate if Tm

1/2@1 or Tm
1/2!1, respectively. For the nonaxisym

metric problem, inertial or viscous terms dominate if R
@1 or Re!1, respectively. For the steady axisymmet
flow, the viscous boundary layer thickness is reflected b
Reynolds number based on the actual azimuthal velocity,
this Reynolds number isTm . For the unsteady nonaxisym
metric flow, the direction of the velocity changes twice wi
each rotation of the magnetic field, so that the boundary
ers cannot grow much during the brief period of time wh
the velocity is in one direction, so that their thickness
reflected by Re based onv. For practical crystal-growth pro
cesses, bothTm and Re are large. The axisymmetric flow
discussed after we present the leading-order solution for
nonaxisymmetric flow.

In the rotating frame, the asymptotic expansions forva

andvn are

va52r û1«va01 . . . ., ~5a!

vn5Nvn01O~«N!, ~5b!

wheree is a small parameter and theO(«N) terms in~5b!
arise from the coupling terms, (va0•¹)vn0 and (vn0•¹)va0.
The value ofe depends onTm and is discussed later. For th
e
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nonaxisymmetric flow and for Re>O(1), the time deriva-
tive in the laboratory frame or the azimuthal convective d
rivative in the rotating frame is comparable to theO(N) EM
body force, so that the leading term invn is O(N). For vn0,
we only neede!1, which is also required for~4!. Since the
pressure balances part of theO(N) nonaxisymmetric EM
body force,pn5Npn0, plus smaller terms.

The O(N) terms in Eqs.~1a! and ~1b!, each minus its
azimuthal average, give linear equations governingvn0 and
pn0,

2
]v rn0

]u
52

]pn0

]r
1

1

2
sin~2u!F r 2

]F

]z G
1Re21F¹2v rn02

v rn0

r 2 2
2

r 2

]vun0

]u G , ~6a!

2
]vun0

]u
52

1

r

]pn0

]u
1

1

2
cos~2u!F r 2

]F

]z G
1Re21F¹2vun01

2

r 2

]v rn0

]u
2

vun0

r 2 G , ~6b!

2
]vzn0

]u
52

]pn0

]z
1

1

2
sin~2u!F]F

]r
2

F

r G
1Re21¹2vzn0 , ~6c!

]v rn0

]r
1

v rn0

r
1

1

r

]vun0

]u
1

]vzn0

]z
50, ~6d!

where

¹25
]2

]r 2 1
1

r

]

]r
1

1

r 2

]2

]u2 1
]2

]z2 . ~6e!

The azimuthal derivatives on the left sides of Eqs.~6a!
through ~6c! would be time derivatives in the laborator
frame, reflecting the traditional statement that the nona
symmetric velocity is small because the fluid cannot resp
during the short half period of the fluctuating EM body forc
The EM body force terms involvingF are known driving
terms, sinceF is given by Eq.~4!. The boundary conditions
are

vn050, at r 51, ~7a!

vn050, at z56a. ~7b!

While a numerical solution of Eqs.~6! and ~7! for any
value of Re would be quite simple, our typical value of Re
1.143105, so that an asymptotic solution for Re@1 is cer-
tainly appropriate. For Re@1, the liquid region is divided
into a core region and boundary layers withO(Re21/2) thick-
ness adjacent to each boundary. In the core, the Fourie
ries in u for each variable has only one nonzero compone
which is associated with the known driving functions in Eq
~6a!–~6c!, so that

v rn05cos~2u!Vr~r ,z!, ~8a!

vun05sin~2u!Vu~r ,z!, ~8b!

vzn05cos~2u!Vz~r ,z!, ~8c!
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pn05sin~2u!P~r ,z!. ~8d!

NeglectingO(Re21) terms in the core, Eqs.~6! give

Vr52
1

2

]P

]r
1

1

4 F r 2
]F

]z G , ~9a!

Vu5
P

r
2

1

4 F r 2
]F

]z G , ~9b!

Vz52
1

2

]P

]z
1

1

4 F]F

]r
2

F

r G , ~9c!

]2P

]r 2 1
1

r

]P

]r
2

4P

r 2 1
]2P

]z2 50. ~9d!

Inside the boundary layer adjacent tor51, v rn0

5O(Re21/2), and inside the boundary layers adjacent to
ends atz56a, vzn05O(Re21/2). Therefore, the boundar
conditions on the core solution neglectingO(Re21/2) terms
are

Vr50, at r 51, ~10a!

Vz50, at z56a. ~10b!

The separation-of-variables solution for the core is

P5
r 2

4
1 (

k51

`

BkJ2~akr !
cosh~akz!

sinh~aka!

2 (
n51

`
lnJ2~lnr !cosh~lnz!

~ln
221!~ln

222!J1~ln!cosh~lna!
, ~11a!

where

Bk5
4ak

~ak
224!J2~ak!

(
n51

`
tanh~lna!

~ak
22ln

2!ln~ln
221!

, ~11b!

andak are the roots ofakJ1(ak)22J2(ak)50.
For the boundary layer adjacent tor51, we introduce the

stretched coordinatej5Re1/2(r 21). NeglectingO(Re21/2)
terms, the solution which satisfies the boundary-layer eq
tions and Eqs.~7a! and which matches the core solution is

v rn050, ~12a!

pn05sin~2u!P~1,z!, ~12b!

vun05Vu~1,z!$cos~2u!exp~j!sin~j!

1sin~2u!@12exp~j!cos~j!#%, ~12c!

vzn05Vz~1,z!$cos~2u!@12exp~j!cos~j!#

2sin~2u!exp~j!sin~j!%. ~12d!

For the boundary layer adjacent toz5a, we introduce the
stretched coordinatez5Re1/2(z2a). NeglectingO(Re21/2)
terms, the solution which satisfies the boundary-layer eq
tions and Eq.~7b!, and which matches the core solution, i

vzn050, ~13a!

pn05sin~2u!P~r ,a!, ~13b!
e

a-

a-

v rn05Vr~r ,a!$cos~2u!@12exp~z!cos~z!#

2sin~2u!exp~z!sin~z!%, ~13c!

vun05Vu~r ,a!$cos~2u!exp~z!sin~z!

1sin~2u!@12exp~z!cos~z!#%. ~13d!

The boundary layer atz52a is the mirror image of the one
at z5a. Thus each boundary layer matches the O~1! tangen-
tial velocities in the core and satisfies the no-slip conditio
at the boundary with a structure which is identical to that
the boundary layer on an oscillating flat plate.

III. RESULTS

Contour plots of the core variablesVr , Vu , andVz for
a53 are presented in Fig. 1. SinceVr andVu are even func-
tions of z, while Vz is an odd function, results are only pre
sented for 0<z<a. For a53, all velocities are essentially
zero for 0<z<1. The rotational part of the nonaxisymme
ric EM body force arises from the blockage of the ax
electric currents by the insulating ends atz56a. The results
show that the nonaxisymmetric flow is confined to an ax
length equal to two ampoule radii near each end. There
the results are independent ofa for a>2.

Equations~8! and the results in Fig. 1 indicate that th
nonaxisymmetric flow involves four circulations. Since the
circulations are symmetric about the four planes atu50,
u5p, and u56p/2, which separate the four circulation
we only describe the circulation for 0<u<p/2. Two closed
toroidal-like surfaces are presented in Fig. 2, where the c
ter line of each torus is a closed streamline for the nona

FIG. 1. Contours ofVr ,Vu andVz for the core solution.~a! Vr520.003n
for n51 to 9. ~b! Vu50.005n for n523 to 7. ~c! Vz50.005n for n51 to 7.
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symmetric flow and the radius of the torus at each po
along the streamline is proportional to the magnitude of
local nonaxisymmetric flow velocity. The other curve in Fi
2 is the line in theu5p/4 plane whereVu50. SinceVr and
Vz are zero in this plane, the velocity is zero at this line,
the nonaxisymmetric flow circulates around this line. T
values ofVu in Fig. 1~b! represent the velocity across th
plane atu5p/4, with flow in the 1u direction for theVu

.0 nearz5a and with flow in the2u direction for theVu

,0 nearr 51. The flow in the2u direction across theu
5p/4 plane nearr 51 first turns and flows axially toward
z5a nearr 51, as reflected byVz.0 in Fig. 1~c!. The flow
then turns and flows radially inward nearz5a, as reflected
by Vr,0 in Fig. 1~a!. The flow then turns to flow in the1u
direction back across theu5p/4 plane, as reflected byVu

.0 nearz5a in Fig. 1~b!. Once beyond theu5p/4 plane,
the flow first flows radially outward nearz5a, again re-
flected byVr,0 in Fig. 1~a!, and then flows axially toward
the plane of symmetry atz50 nearr51, again reflected by
Vz.0 in Fig. 1~c!. Finally the flow turns to cross theu5p/4
plane in the2u direction, thus completing the circulation
The minimum value ofVr in Fig. 1~a! is 20.0308,Vu in Fig.
1~b! ranges from20.0163 to 0.0413, and the maximu
value ofVz in Fig. 1~c! is 0.0391.

IV. COMPARISON OF AXISYMMETRIC AND
NONAXISYMMETRIC FLOWS

For the axisymmetric flow, we introducev̂a5N21/2(va

1r û), so thatv̂a is the steady axisymmetric velocity in th
laboratory frame, normalized byN1/2vR. Then the leading
term in the asymptotic expansion ofv̂a for N!1 depends
only on the magnetic Taylor numberTm5 (1/2)Re2N,
whose value is 9.73105 for our typical Bridgman crystal-
growth process withB510 mT and 50 Hz. For electromag
netic stirring during the continuous casting of steel or alum

FIG. 2. Two closed toroidal surfaces whose center lines are closed str
lines and whose radius is proportional to the magnitude of the velocity.
two streamlines pass through theu5p/4 plane atr50.2, z52.9 andr50.8,
z52.9. The projections of the streamlines on a horizontal plane and a
tical plane are also shown. The velocity is zero along the line in theu5p/4
plane.
t
e

o

-

num, Davidson12 presented asymptotic solutions forv̂a with
Tm@1. Two differences between crystal growth and co
tinuous casting are~1! that the liquid-solid interface is con
cave for casting so that no part of this interface is paralle
the axis of rotation, and~2! that the electrical conductivity o
the solid is comparable to that of the liquid so that the so
does not block the axial electric currents, and the nonaxis
metric part of the EM body force remains irrotational a
does not drive an unsteady nonaxisymmetric flow. Dav
son’s solution applies to our axisymmetric flow away fro
the ampoule wall atr51, which is parallel to the axis o
rotation. In Davidson’s solution, there is an inviscid core a
Ekman layers with anO(Tm21/3) thickness adjacent to th
solid surfaces atz56a. In both the core and Ekman layer

v̂au is O(Tm1/6); in the Ekman layer,v̂ar and v̂az are

O(Tm1/6) andO(Tm21/6), respectively; and in the core,v̂ar

and v̂az are bothO(Tm21/6). The secondary flow in each
u5constant plane consists of a strong radially inward jet
side each Ekman layer which turns to enter the core az
56a. In the core, this flow turns to become radially ou
ward. For our crystal-growth application, we also have
Stewartson layer with anO(Tm21/6) thickness adjacent to
the ampoule wall at r 51 and corner regions with
O(Tm21/6)3O(Tm21/6) dimensions atr 51 and z56a.

The Stewartson layer~1! matches thev̂au in the core, which
increases monotonically withr, and satisfies the no-slip con

dition on v̂au at r 51, and~2! accepts the radially outward
flow from the core and delivers it to the corner region

which return it to the Ekman layers atr51. While v̂au is also
O(Tm1/6) inside the Stewartson layer and corner regions,
secondary flow inside these regions is larger than that in
core and Ekman layers, namelyO(Tm21/12) rather than
O(Tm21/6). This slightly stronger secondary flow, which
confined to the Stewartson layer and corner regions, ar

because there is an axial variation of theO(Tm1/6) v̂au inside

the Stewartson layer, while the axial variation ofv̂au in the
core isO(Tm21/2).

The asymptotic solution for the axisymmetric flow wit
Tm@1 provides some very valuable insights, but it cann
provide accurate predictions because it assumes
Tm21/12!1, while Tm21/12 is not small for practical pro-
cesses. For our example,Tm21/1250.32. Thesteady axi-
symmetric flow may involve either a Taylor-Couette inst
bility inside the Stewartson layer or a shear-layer instabi
inside the Ekman layers. The shear layer instability has
yet been investigated but models of the Taylor-Couette
stability indicate that the critical value ofTm lies between
105 and 106, for various values ofa.13,14 Thus the solution
for Tm@1 does not provide accurate predictions for a
stable axisymmetric flow. The most accurate results are p
vided by numerical solutions with adequate resolution of
Ekman and Stewartson layers.

In terms of our asymptotic expansions~5!, we take«
5N1/2 and considerva0 to depend onTm, which has a large
value. Fora51 andTm5105, numerical solutions for the
steady axisymmetric flow indicate that the maximum valu
of va0r , va0u , andva0z are 0.3, 2.5, and 0.14, respectivel
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These values areO(Tm1/6), O(Tm1/6), and O(Tm1/12), re-
spectively, the latter associated with theO(Tm21/12) second-
ary flow inside the Stewartson layer. We can now comp
these values timesN1/2 to the maximum magnitudes o
vn0r50.031, vn0u50.041, andvn0z50.039 in Fig. 1, times
N. The maximum ratio of a nonaxisymmetric velocity to i
axisymmetric counterpart is roughly 0.3N1/2 for the axial ve-
locity. The maximum axial axisymmetric and nonaxisym
metric velocities occur at roughly the same position. The
fore we conclude that the nonaxisymmetric velocity
indeed negligible for practical crystal-growth applications
rotating magnetic fields.
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