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The linear stability of a plane liquid sheet of metal flowing between parallel gas streams having
different velocities is considered. The presence of a magnetic field only slightly modifies the neutral
stability curves obtained in the hydrodynamic regime where Kelvin–Helmholtz instabilities are the
dominant mechanism in the destabilization of the sheet. The most unstable wavelength is found to
scale with We21 where We is the Weber number. As expected, the growth rate of the instabilities
is decreased when a transverse magnetic field is applied. However, the growth rate is increased
when the applied magnetic field is parallel to the direction of the velocities. A possible explanation
of this unusual phenomenon is presented. In an experimental air-blast atomizer with water and
nitrogen, particle size and velocity measurements have been made with a laser-doppler analyzer.
The results agree with the theoretical predictions for zero magnetic flux density and are also
consistent with predictions based on a more global breakup mechanism. ©1997 American
Institute of Physics.@S1070-6631~97!00912-4#
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I. INTRODUCTION

The effect of magnetohydrodynamic forces on the int
face between two electrically conducting fluids has been
vestigated by many authors. Most of these studies focuse
metallurgical situations where high intensity electric curre
cross one or possibly several liquid/liquid or liquid/sol
boundaries. For example, in a stability study of electric
furnaces, Sneyd1 used a model with three liquid layers, ea
with a different density and electrical conductivity, and wi
a steady~direct! electric current perpendicular to the inte
faces. Similar models have been used in attempts to de
larger aluminum reduction cells where the need to avoid
cillations of the interface between the cryolith layer and
melted aluminum severely limits cell size.2,3 All these stud-
ies illustrated the competing roles of Lorentz forces, grav
surface tension, and inertia in interfacial instabilities. Rec
attempts to reduce size variations in metallic powders
tained by gas atomization of conical liquid-metal sheets h
clearly shown the sheets must remain axisymmetric
stable prior to the impingement of the external coaxial g
streams~Fig. 1!.

The stability of a liquid-metal sheet without an exte
nally applied magnetic field has been investigated both a
lytically and experimentally as a function of the initial thick
ness, angular velocity, and other physical or geometr
aspects.4 The results show that it was quite easy to maint
the coherence of the liquid sheet between its birth at
nozzle outlet and the region~referred to as the active zone
Fig. 1! where the gas jets start the atomization process
long as the distance between the nozzle and active zon
roughly 10–20 cm. However, for some technologically im
portant applications, this distance must be much larger
such a case, one must ensure that the sheet reaches the
zone without instabilities that would lead to the formation
big droplets which cannot be disintegrated into small dr

a!Electronic mail: Philippe.Marty@hmg.inpg.fr
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lets by the jets. One way to achieve the required sheet
bility is to apply a magnetic field which is generally know
to reduce the growth rate of any perturbations.5 The aim of
this paper is to investigate such a possibility. A linear stab
ity study is presented in Sec. II with a discussion of t
results in Sec. III. Although no experiments have been c
ducted with a magnetic field, experiments with water and
have been undertaken and the results presented in Se
agree well with the model predictions for zero magnetic fl
density. Validation of the model without a magnetic fie
provides some confidence in its predictions of magnetic fi
effects.

II. LINEAR STABILITY ANALYSIS

Since its curvature is small, the conical sheet can
treated as a plane two-dimensional liquid-metal layer wit
thickness of 2a. For the actual situation shown in Fig. 1, th
gas velocity inside the sheet is almost zero. However, for
sake of generality, we assume that the liquid-metal laye
sandwiched between two parallel gas flows~Fig. 2!. The
electrical conductivity of the liquid metal iss, while rm and
rg are the densities of the metal and the gas, respectiv
This study only considers a steady uniform magnetic fi
which is either perpendicular or parallel to the flow directio

For a linear stability analysis, the positions of the tw
interfaces are given by

z5h152a1Aei ~qx2vt !1 iF, ~1a!

z5h25a1Aei ~qx2vt !, ~1b!

whereA is real and represents the small interfacial displa
ment fromz5a while F is complex and allows the interfac
nearz52a to have a different amplitude and phase than t
nearz51a. The real wave number of the perturbation isq,
while v5v r1 iv i , wherev r is the circular frequency and
v i is the amplification factor. Neglecting the viscous effec
in the three layers, thex andz components of the momentum
equation, together with continuity, become
3707/11/$10.00 © 1997 American Institute of Physics
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2 ivr juj1 iqr jU juj52 iqpj1e jF~B'!, ~2a!

2 ivr jwj1 iqr jU jwj52Dpj1e jF~Bi!1r jg, ~2b!

iquj1Dwj50, ~2c!

whereD5]/]z, U j is the unperturbed velocity in the layerj
( j 50,1,2), and (uj ,0,wj ) is the velocity perturbation while
e j51 for j 50 ande j50 for j 51 or 2. The densityr j is
equal torm for j 50 and torg for j 51 or 2, whileg denotes
the gravitational acceleration.

There is a magnetohydrodynamic~MHD! force opposing
the motion across the magnetic field,

F~B'!52s~U01u0!B'
2 , ~3a!

F~Bi!52sw0Bi
2 ~3b!

in Eq. ~2a! or ~2b! for a perpendicular or parallel magnet
field, respectively. Equation~3a! includes the MHD opposi-
tion to the unperturbed velocity and the axial velocity p
turbation with a perpendicular magnetic field. Since the co
cal sheet is axisymmetric, the azimuthal gradient of
electric potential is zero and no electric field appears in E
~3!. For an actual plane layer, any short-circuiting of t
liquid-metal layer through an infinitely conducting wa
would also cancel they derivative of the potential and, con
sequently, would also lead to the same equation. Elimina
p andu in Eqs.~2! yields a simple equation for the vertica
velocity perturbationw:

D2w2Q2w50 in the metal, ~4a!

FIG. 1. The electromagnetic atomizer: the liquid metal flow is transform
into an annular sheet prior to its disintegration by a neutral gas stream

FIG. 2. Mathematical model and notations.
3708 Phys. Fluids, Vol. 9, No. 12, December 1997
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D2w2q2w50 in the gas, ~4b!

where the complex quantityQ is

Q25Qi
25q2F11 i

sBi
2

rm~v2U0q!
G if B5Bi , ~5a!

Q25Q'
2 5q2F11 i

sB'
2

rm~v2U0q!
G21

if B5B' . ~5b!

Equations~4! are solved with the conditions thatw andDw
are continuous at the gas–metal interfaces and thatw→0 as
z→6`. Equation~2c! then givesu. For brevity, we only
presentu andw in the liquid metal:

u05~v2U0q!S eQa2eife2Qa

e2Qa2e22Qa eQz

2
eQa1 if2e2Qa

e2Qa2e22Qa e2QzD Q

q
Aei ~qx2vt !, ~6a!

w052 i ~v2U0q!S eQa2eife2Qa

e2Qa2e22Qa eQz

1
eQa1 if2e2Qa

e2Qa2e22Qa e2QzDAei ~qx2vt !. ~6b!

The solution forp in the gases and liquid metal ar
obtained by substituting the solutions foru and w into Eq.
~2a!. Equating the pressure jump across each interface to
surface tensiong times the local curvature of the interfac
positions given by Eqs.~1! gives two equations whose sum
and difference are

rg

q
@~v2U2q!21~v2U1q!2eiF#

1
rm

Q
~v2U0q!2 tanh~Qa!~11eiF!

5gq2~11eiF!1Drg~12eiF!, ~7a!

rg

q
@~v2U2q!22~v2U1q!2eiF#

1
rm

Q
~v2U0q!2 coth~Qa!~12eiF!

5gq2~12eiF!1Drg~11eiF!, ~7b!

where Dr5rm2rg is the density difference between th
liquid metal and the gas. Equations~7! can be simplified by
introducing the dimensionless quantities:

r5
rm

rg
, k5qa, V5

va

U0
, V15

U1

U0
, V25

U2

U0
,

We5
rgU0

2a

g
, Fr5

rgU0
2

Drga
, N5

sB2a

rmU0
,

K5Qa5kS 11 i
N

V2kD n

~8!
with n511/2 if B5Bi and

n521/2 if B5B' ,

where the liquid film thickness and velocity have been us
as characteristic quantities, We and Fr are the Weber

d
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Froude numbers, andN is the magnetic interaction paramet
which is the characteristic ratio of the electromagnetic for
to inertial forces.

The dimensionless version of Eqs.~7! are:

1

k
@~V2V2k!21~V2V1k!2eiF#1

r

K
~V2k!2

tanh~K !~11eiF!5
k2

We
~11eiF!1

1

Fr
~12eiF!, ~9a!

1

k
@~V2V2k!22~V2V1k!2eiF#1

r

K
~V2k!2

coth~K !~12eiF!5
k2

We
~12eiF!1

1

Fr
~11eiF!. ~9b!

EliminatingF in Eqs.~9a! and~9b! yields the character
istic equation

a4V41a3V31a2V21a1V1a050, ~10!

where the coefficientsa i5 f i(r,k,K,V1 ,V2 ,We,Fr) for i
50,1,2,3,4 are given in the Appendix. For a given wa
numberk, the critical gas velocity which triggers the inst
bility is found by progressively increasing the value ofV1 ~or
V2! until the dimensionless amplification factorV i , becomes
positive. Without a magnetic field,K is real and is equal to
k, and the coefficientsa i are also real: in this case, Eq.~10!
is a simple fourth-order polynomial with two pairs of conj
gated roots. Ask→`, the sum and the difference of Eq
~9a! and ~9b! simplify to the equations for the classic
Kelvin–Helmholtz instability. On the other hand, with
magnetic field,K is a complex number and depends onV, so
that Eq.~10! is not a simple polynomial. We use an iterativ
Newton–Raphson scheme to solve Eq.~10! beginning with
the four roots forB50 andK5k.

III. RESULTS

First, we consider the values of the dimensionless
rameters for practical applications. Since we are investig
ing a liquid sheet flowing between gas streams, we ass
that r@1. For liquid steel atomized by nitrogen, or water
air, r55600 or 800, respectively. In most of the laborato
or even industrial applications concerned with gas atom
tion, the Froude number is also very large and the effect
gravity can be ignored. For example, Fr5122 for a 0.1-mm-
thick layer of water flowing at 10 m/s in a nitrogen atm
sphere. For liquid steel in nitrogen, Fr517, which is large
enough to neglect gravitational effects. For the same velo
and thickness the Weber number would be 0.17 for wa
and 0.02 for a liquid metal such as mercury. Large values
We can nevertheless be obtained with thick liquid metal l
ers and high speeds. The interaction parameterN50.15 for a
1-mm-thick layer of liquid steel flowing at 0.1 m/s in a ma
netic field of 1 T. Under the same conditions, for sodiu
N512.5.

A. Without a magnetic field „N50…

We begin with equal gas velocities (V15V2). Figure 3
shows that the sinuous modeF r50 has a higher growth rat
Phys. Fluids, Vol. 9, No. 12, December 1997
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than the varicose modeF r5p, whereF r is the real part of
the phase shift between the two interfaces. In both ca
F i50, so thatF50 at neutral stability. The dominance o
the sinuous mode is confirmed by the behavior of the wa
sheet in Fig. 4 and by previous works of Hagerty and She6

who considered equal velocity gas streams.

FIG. 3. Liquid sheet flowing in a gas atmosphere at rest (V15V250):
comparison between the growth rates of the sinuous mode (F r50) and of
the varicose mode (F r5p) for We50.33,r5800 and Fr@1.

FIG. 4. Growing of the sinuous mode of a water sheet flowing at 5 m/s in
(We513).
3709L. Martin Witkowski and P. Marty
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When two gas jets with high but unequal velocities flo
beside a lower velocity liquid-metal sheet,r@1, V1@1, V2

@1, and V1ÞV2 , then at the critical velocity there is an
equilibrium in the direction normal to the sheet betwe
pressure forces created by the gas flows and surface ten
forces opposing the deformation of the interface. Using
mensional quantities, a simple estimation of this equilibriu
gives

rg~DU !c
2'gq, ~11!

where (DU)c is the critical difference of velocities betwee
the liquid sheet and the gas stream. Using the dimension
quantities defined in Eqs.~8!, Eq. ~11! becomes

~DV!c
2We5k. ~12!

This simple way of estimating the critical velocity ha
been successfully verified. For two gas streams flowing w
equal velocities in opposite directions (V152V2), the criti-
cal velocity (V1)c is plotted in Fig. 5 as a function ofk for
various values of We and for Fr@1. Equation~12! is con-
firmed by the plot of (V1c21)2We vsk in Fig. 5~b!. While
Figs. 5~a! and 5~b! assume thatr55600, i.e., steel in nitro-
gen, calculations for other values ofr verify that the dimen-
sionless critical velocity is independent ofr as long asr
@1. Some industrial situations can require that only one s
of the liquid sheet is exposed to a gas stream. In Fig. 6,
critical value ofV1 vs k is plotted forV250.

FIG. 5. Liquid sheet flowing between gas streams having opposite di
tions (V152V2) for We50.1, 1, and 10,r55600, and Fr@1: ~a! evolution
of the critical velocities of the gas flows vsk. ~b! Linear dependence of the
quantityDVc

2
•We with k.
3710 Phys. Fluids, Vol. 9, No. 12, December 1997
ion
i-

ss

h

e
e

The results are quite similar to those in Fig. 5, indicati
that the significant velocity difference to be used in Eq.~12!
is

DV5max~V1 ,V2!21. ~13!

This statement agrees with results of Panchagnulaet al.7 for
the three-dimensional stability of an annular liquid sheet s
jected to different gas velocities on opposite sides. Equa
~12! also agrees with the predictions of stability study for
viscous liquid curtain falling under gravity in an ambie
gas8 where the wave number for the maximum convect
instability in the sinuous mode scaled with a quantity d
noted byQ/We, which equalsrgU2/g in our notation. In
this study,8 the Reynolds number of the liquid curtain wa
Re55000, and the role of viscosity was very small. In all t
situations discussed above, the phase velocity of the in
bilities is equal to that of the liquid sheet, or, in dimensio
less form

V r'k. ~14!

This result is confirmed by the results presented in Fi
7~a! and 7~b! and indicates that the phase velocity of t

c-

FIG. 6. Liquid sheet flowing between a gas stream of velocityV1 and a gas
atmosphere at rest (V250) for We50.1, 1, and 10,r55600, and Fr@1: ~a!
evolution of the critical velocityV1c of the gas vsk. ~b! Linear dependence
of the quantityDVc

2
•We with k.
L. Martin Witkowski and P. Marty
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instability is almost equal to that of the liquid sheet, even
nonsymmetric situations such asV152V2 or V150, V2

510.
We now focus on the behavior of the growth rate,V i , of

the instability. Ignoring gravitational effects by imposin
Fr@1, Fig. 8 shows the evolution ofV i vs k/We for various
values of We for the case of a liquid sheet flowing in a gas
rest (V15V250). We see that increasing We leads to
increase of the dimensionless growth rate. In order to un
stand this tendency, it would be helpful to study the values
the maximum amplification rate of the instability,V imax, and
of the associated wave numberkmax. Taking advantage o
the previously discussed result thatF50 for the most un-
stable perturbations, the stability of this problem can be
scribed by a single equation:

V21r~V2k!2 tanh~k!5
k3

We
~15!

with solutions

V r5
rk tanh~k!

11r tanh~k!
, ~16a!

V i5

A k3

We
~11r tanh~k!!2rk2 tanh~k!

11r tanh~k!
. ~16b!

When tanh(k)@1/r, this solution becomes:

V r5k, ~17a!

V i5
A k3

We
2k2

r tanh~k!
, ~17b!

FIG. 7. Phase velocity of the instability vsk for We50.1, 1, and 10,r
@1, and Fr@1 ~a! V152V2 . ~b! V150, V2510.
Phys. Fluids, Vol. 9, No. 12, December 1997
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which is the dimensionless formulation of the solution pr
posed by Hagerty and Shea.6 The expression obtained forV i

confirms that the cutoff wave numberkc5We. In two
asymptotic limits, Eq.~16! yields simple expressions fo
V i max, which are presented in Table I.

~1! For tanh(k);1, which is true for We(DV)2@1,

V i max5
2

3)

We

Ar
~DV!3, ~18a!

kmax5
2
3We~DV!2. ~18b!

~2! For 1/r!k!1, which is equivalent to 1/r
!We(DV)2!1,

V i max5
1

2
AWe

r
~DV!2, ~19a!

kmax5
1
2We~DV!2. ~19b!

This second restriction on the value ofk ~1/r!k!1! is in
fact commonly satisfied in liquid rocket propulsion system
or in spray atomization for metallurgical, chemical, or ag
cultural purposes. The exact values ofV i max andkmax have
been numerically computed forV15V250, r5800, and
We51022– 103, and the results are plotted in Fig. 9.

There is excellent agreement ofV i max andkmax with the
asymptotic results presented in Eqs.~18! and ~19!.

The nonsymmetric situation where only one side of t
sheet is subjected to a gas stream has been also studie
values of (V1 ,V2), respectively, equal to~0,4! and~0,10!. In
the first case~Fig. 10!, plotting V i /We instead ofV i vs
k/We reveals a particular crossing point,P, for which we
have not yet found a satisfactory explanation. It is wo
noting that the general shapes of the curves shown in Fig
are exactly the same as those found for an annular shee
Panchagnulaet al.7 ~see Fig. 3 in this paper!. For the second
set of values of (V1 ,V2), Fig. 11 shows that the asymptot
expressions~18! and~19! of V i max are still valid despite the
strong asymmetry of the situation. The slight disagreem
around We(DV)2;1022 is probably due to the fact tha
We(DV)2 is no longer much greater than 1/r51.25
31023.

FIG. 8. Growth rate evolution vsk in the symmetric caseV15V250 for
We50.01, 0.1, 0.5, and 1.r5800, Fr@1, N50.
3711L. Martin Witkowski and P. Marty
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TABLE I. Analytical expressions giving the most amplified regime (kmax,Vi max) and the critical wave numbe
kc ~for which V i50! for a liquid metal sheet with equal gas velocities on its both sides.r5rm /rg is assumed
large compared to unity.DV denotes the dimensionless quantity (U1,22U0)/U05V1,221.

kmax V i max kc

B50

k@1⇔We(DV)2@1 2
3We(DV)2 2

3)

We

Ar
~DV!3

kc5We(DV)2

1

r
!k!1⇔ 1

r
!We~DV!2!1

1
2We(DV)2 1

2
AWe

r
~DV!2

B5Bi

N@1
k@1⇔We(D)2@1

2
3We(DV)2

0.465S NWe4

r2 ~DV!12D 1/5

B5B'
0.28S We4

Nr2 ~DV!12D 1/3
o

ed

ly
of

-
in

he
in-
s

is
e

riti-
re

re in

ties
Equation ~17! agrees with the results of Squire9 in a
study of the stability of a thin axisymmetric conical sheet
fuel flowing in still air. The expressions~18! and ~19! sug-
gested forkmax andV i max have also been successfully us

FIG. 9. Maximum growth rateV i max ~a! and wave number of maximum
amplification kmax ~b! vs We in the symmetric caseV15V250 with r
5800, Fr@1, N50.
ids, Vol. 9, No. 12, December 1997
f
by Huang10 in determining the breakup radius of a radial
flowing axisymmetric sheet formed by the impingement
two coaxial water jets. Both Squire9 and Huang10 neglect
viscous effects and obtain accurate results.

B. With a perpendicular or parallel magnetic field

The solutions of Eqs.~10! with the effects of a perpen
dicular or parallel field do not show any noticeable change
the value of the critical velocity,V1c , of the gas flow. More-
over the velocity of the instabilities,V r /k, is still very close
to one forr@1. Numerical tests have been performed for t
situations studied in Figs. 6 and 7, but with a magnetic
teraction parameterN equal to 10. No visible difference wa
observed when compared withN50. The following heuristic
explanation can be given to justify that the critical velocity
not affected by the magnetic field: when moving in the fram
of reference with the liquid sheet, one can consider the c
cal thresholdV i50 as a static equilibrium between pressu
forces and surface tension forces. Both of these forces a

FIG. 10. Liquid sheet flowing between gas streams of different veloci
~V150, V254!: evolution ofV i /We vsk/We for We50.01, 0.05, 0.1, 1,
and 10.r5800, Fr@1, N50.
L. Martin Witkowski and P. Marty
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the z direction. WhenB is perpendicular to the sheet, theJ
3B product has no component in thez direction. Similarly,
whenB is parallel to the unperturbed sheet, only the velo
ties in thez direction would generate a force in this directio
but such velocities are equal to zero whenV i equals zero.
Another way to understand the inability of the magnetic fie
to modify the critical velocity is based on Eq.~6!. At the
instability threshold, i.e., whenv i50, the first terms on the
right-hand side of Eqs.~6! reduce to (v r2U0q), which is
zero whenrg!rm . Consequently,w0 vanishes and, from
Eqs. ~3!, the MHD forceF(Bi) in the z direction also van-
ishes, so that there is no influence of the magnetic field
the value of the critical velocity of the gas flow at which th
instability occurs.

We now consider the effect of the magnetic field on t
growth rate of the instability. The solutions for We@1 pro-
vide a simple understanding of the stability problem. Su
values of We can be obtained with thick liquid metal laye
and high velocities. For a liquid sheet sandwiched betw
gas media at rest~V15V250, andDV51!, the most ampli-
fied wave numberkmax is comparable to We and much larg
than one, as indicated in Table I. This means that the wa
length of the growing mode will be much smaller than t
sheet thickness. For large Weber numbers, the two interf
are decoupled and satisfy a unique equation:

V2

k
1

r

K
~V2k!25

k2

We
. ~20!

In order to find an analytical solution of Eq.~20!, we can
take advantage of the numerical results concerning the w
velocity of the instabilities:V r;k. Moreover, for large val-
ues ofN, the modified wave numberK becomes

K'kF N

V i
Gn

, ~21!

where the fractional exponentn has been defined in Eq.~8!.
Equation~20! can be reduced further by comparing the ord
of magnitude of V i and V r . Without a magnetic field
(N50!, this can be done by using the results of Table
Forming the ratioV i max/Vr gives

FIG. 11. Maximum growth rateV i max vs We DV2 in a strongly nonsym-
metric case:V150 andV2510 (DV5V22159). r5800, Fr@1, N50.
Phys. Fluids, Vol. 9, No. 12, December 1997
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V i max

V r
5

1

)

DV

Ar
for We~DV!2@1, ~22a!

V i max

V r
5

1

ArWe
for

1

r
!We~DV!2!1. ~22b!

As an example, a 2-cm-thick steel layer flowing at 20 m/s
a nitrogen atmosphere at rest would give We550 with the
surface tensiong50.1 N m21. Forr55600 the restriction of
Eq. ~22a! is satisfied and the ratioV i max/Vr is found equal
to 0.0077. We assume thatV i max!Vr with a magnetic field
as well. This hypothesis will be confirmed later by the n
merical results. Its introduction into Eq.~20! for asymptotic
values ofN (N@1), gives the expression for the maximu
growth rate of the instability with a transverse magne
field:

V i max50.28S We4

Nr2 ~DV!12D 1/3

when B5B' ~23!

or a parallel magnetic field:

V i max50.465S NWe4

r2 ~DV!12D 1/5

when B5Bi . ~24!

In both cases, the wave number,kmax of maximum amplifi-
cation is

kmax5
2
3We~DV!2. ~25!

Equations~23! and~24! reveal the fundamental influenc
of the orientation of the magnetic field on the growth rate
the instability. A transverse field brakes the developmen
the instability, which is a rather classical result in MH
where dynamic phenomena are often slower when a m
netic field is applied. On the contrary, a parallel field see
to enhance the development of the instability. Figure
shows an illustration of the evolution ofV i vs k/We when
V15V250 and confirms the above results. ForN varying
between 0 and 6, the wave numberkmax is found to be inde-
pendent ofN and of the direction of the magnetic field. Th

FIG. 12. Growth rate evolution vsk/We for various strengths and orienta
tions of the magnetic field. We550, V15V250 (DV51), r55600.
3713L. Martin Witkowski and P. Marty
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is in agreement with Eq.~25!. The asymptotic behavior o
V i max with N is shown in Fig. 13 and confirms Eqs.~23! and
~24!. Plots of the streamfunction of the velocity distributio
in the metal@deduced from Eq.~6!#, help in understanding
this phenomena. Figure 14 shows, over one wavelength
flow pattern without and with a magnetic field. ForN50, the
depth of metal which is involved in the instability is of th
order of k21, as already mentioned. When a perpendicu
magnetic field is applied@Fig. 14~b!#, the x-directed MHD
force which brakes any movement along thex direction
forces the streamlines to close deeper into the metal. Co
quently, a larger amount of metal is dragged by the insta
ity and inertial effects decrease the temporal growth ra
When a parallel magnetic field is applied@Fig. 14~c!#, the
streamlines are confined in a narrow ‘‘hydrodynamic skin
This is a consequence of the Lorentz force in thez direction,
which prevents a deep penetration of the flow into the liq
metal layer. In this case, a smaller amount of fluid is
volved in the instability, thus decreasing inertial effects
that the growth rate increases. ForNÞ0, the penetration
thickness is of order ofK21 and can be estimated from Eq
~8!. Using the fact thatV r;k, one finds, forN@1:

FIG. 13. Asymptotic dependence ofV i max with N for We550, r55600,
andV15V250 (DV51).

FIG. 14. Influence of the direction ofB on the streamlines penetration in th
liquid metal~a! B50, ~b! B is perpendicular to the sheet andN510, ~c! B
is parallel to the sheet andN510.
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5
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21

k21 5S V i'

N D 21/2

5 f ~We,r,DV!N2/3, ~26a!

d~Bi!

d~B50!
5

K i
21

k21 5S V i i

N D 1/2

5g~We,r,DV!N22/5, ~26b!

whered denotes the typical dimensionless penetration len
of the instability into the metal layer.

The unperturbed velocity and the mean thickness of
liquid-metal sheet have been assumed to be unaffected b
magnetic field in the above section. This hypothesis is fu
valid for the case of a parallel magnetic field where no br
ing force is generated along thex direction. On the contrary
a braking forces appears when the magnetic field is perp
dicular to the sheet, which will be responsible for a decre
in velocity and a thickening of the liquid sheet. The quant
U0a will remain a constant owing to the mass conservati
This relation, together with Eq.~8! shows that these modifi
cations of the sheet properties will produce an increase iN
and a decrease in We. For a perpendicular magnetic fi
Table I shows that these changes yield a decrease inV i max,
and as a consequence the value ofV i max in Fig. 12 is over-
estimated. One can conclude that the effect of the brak
force on the unperturbed liquid metal layer is an additio
reason for the braking of the instability development.

IV. EXPERIMENTAL RESULTS FOR B 50

An experimental setup was built to validate the results
the pure hydrodynamic situation, i.e., withN50 ~Fig. 15!.
While experiments with a liquid metal sheet and with a ma
netic field would be of great interest, the technical difficu
of applying a magnetic field around the entire sheet and
severe health problems arising in the atomization of a m
cury sheet by violent gas streams have not yet been o
come. An axisymmetrical water sheet was created b
nozzle consisting of a 100mm annular slot having a mea
radius of 8.95 mm. The initial angle of the water sheet w
zero with respect to the horizontal direction. An extern
coaxial nitrogen flow was provided by another concent
slot having a thickness of 1.13 mm and a mean radius eq
to 20.5 mm. The initial angle of the gas flow was equal
25° toward thez axis representing the horizontal directio
Hereafter,z50 will denote the location of the vertical plan
containing the two concentric annular slots which deliver
water and nitrogen flows. The water flow rate is controll
by a flowmeter. A set of 36 pressurized nitrogen tanks fe
the gas nozzle via a regulating valve to control the press

FIG. 15. Disintegration of a water sheet by a nitrogen flow.
L. Martin Witkowski and P. Marty
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A Pitot tube was used to measure the gas velocities in
atomization zone. These measurements, together with s
owgraphic and strioscopic visualizations showed that the
stream first converged under the effect of the initial angle
the nozzle outlet~25°!, and, then, diverged in a plume-lik
pattern~see Fig. 16!. For a given value ofz, a radial sweep
of the gas velocity measurements showed that the flow
actually confined to a relatively narrow annular zone who
radial thickness increases slowly withz. For a given up-
stream gas pressureP5113105 Pa, Fig. 17 shows the loca
tion, in the (r ,z) plane, of the points where the maximu
gas velocities have been measured. Nevertheless, the ge
shape of the profile was not strongly affected by using low
input pressures. Atz525 mm, Fig. 18 shows an example
the velocity distribution along a radius. In this graph, t
velocity has been normalized by the sound veloc
(kRT)1/2, which is equal to 352 m/s for nitrogen at roo
temperature with a ratio of specific heatsk51.4 and a gas
constantR5296 J/Kg K.

For a given liquid flow rate, the water sheet has a pro
r (z) which can be easily calculated following the meth
described by Gasser and Marty.4 Figure 19 shows the evolu
tion of these profiles for various water flow rates and witho
gas flow. Although these mean water profiles will be affec
by the gas flow, the interaction between the liquid sheet
the gas stream probably occurs in the regionz;10– 20 mm
where the radial distance between them is minimum
shown in Figs. 17 and 19. This region has been indicate

FIG. 16. Visualization of the spray.

FIG. 17. Radial location of the maximum axial velocity of the gas jet for
upstream gas pressureP5113105 Pa. The hatched zone denotes the loc
tion where interaction between the gas flow and the liquid sheet is expe
to occur.
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Fig. 19. Therefore, the axial position atz5100 mm is suit-
able for measuring the sizes and velocities of the water dr
constituting the spray. To do so, a Phase-Doppler-Parti
Analyzer ~PDPA! has been installed on a horizontally mo
ing table, allowing a radial exploration of the spray atz5
100 mm ~Fig. 20!. For a pressureP543105 Pa upstream
from the gas nozzle and a water flow rateQ51.66l /mn,
Fig. 21 shows the radial evolution of the diametersD10 and
D30 from r 520 to 80 mm~the mean diametersD10 andD30

are defined as:D105(1/N)( i 51
N di andD305( i 51

N (di
3/N)1/3.

The run time was typically 5 s corresponding to around 100
measurements!. Their averaged values areD10;21mm and
D30;26mm. There is a slight increase of the diameterD10

of the particles as the measurement volume is displaced
ward larger radii. This trend has also been found in an
perimental study of coaxial-jet injectors for rocket engines11

In this latter study, the size measurements were made w
Malvern diffraction particle sizer. This evolution of the pa
ticle size with increasing radius was also found by Gom12

~1984!. This observation was also mentioned in an expe
mental study of the atomization of a cylindrical water jet13 in
which the drop size measurements were also made wi
Malvern particle sizer. A knowledge of the gas velocity
also needed in order to validate the first part of the pres
results. The results obtained with the Pitot tube have b
verified with laser measurements by assuming that the ve
ity of the smallest droplets found in the spray~a few mi-
crons! was roughly equal to that of the nitrogen flow. Figu
22 shows the radial profile of this velocity whose me

FIG. 18. Radial profile of the gas axial velocity atz525 mm.

FIG. 19. Calculated water sheet profiles for various liquid flow rates with
gas flow.

-
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value is approximately equal to 125 m/s for our experimen
conditions.~Only dimensional quantities are used in this se
tion. Nevertheless, with a velocity equal to 125 m/s, and w
a5100mm for the characteristic water film thickness, th
Weber number We;28.! This value, together with the den
sity rg51.25 kg m23 of the gas and the valueg
50.073 Nm21 of the interfacial tension between water a
nitrogen, are needed for the calculation of the wavelen
sayl1 , of what can be considered as the primary instabil
Neglecting the liquid sheet velocity with respect to that
the gas, this wavelength can be deduced from Eq.~11!:

l15
2p

q
5

2pg

rg~DU !2 523.5mm. ~27!

The nonlinear evolution of the primary instability leads
rolls which are transformed into ligaments before disinteg
ing into droplets. This stage is often referred to as the s
ondary instability. A first theoretical attempt to determine t
diameter of these droplets could be based on the assum
that the leading mechanism of disintegration of the ligame
is the Rayleigh instability, in which the more rapidly grow
ing modes have a wavelength,lRal, approximately equal to 9
times the radius of the ligament~see Chandrasekhar14!. As-
suming that the diameter of the ligaments is half the prim
wavelength~i.e., l1/2!, we obtain:lRal;9l1/4. Assuming
also that the segment of ligament which will be produced
the Rayleigh instability will be totally converted into
sphere of diameterds , one finds:

lRal

p

4 Fl1

2 G2

5
4

3
pFds

2 G3

. ~28!

The valueds522.2mm of the diameter of the spheres whic
is deduced from Eq.~28! is surprisingly very close to the
diameterD10 obtained experimentally. Nevertheless, owi
to the high gas velocity around the ligaments, the Rayle
instability is probably not a good mechanism for explaini
the secondary breakup.

Another way of estimation of the final size of the dro
lets produced in our experiment is to refer to a breakup m
such as that proposed by Hsiang and Faeth15 in a detailed

FIG. 20. Equipment for laser-doppler measurements atz5100 mm.
3716 Phys. Fluids, Vol. 9, No. 12, December 1997
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study of the deformation and breakup of a liquid drop. F
small values of the Ohnesorge number@Oh
5mL /(rLd0g)1/2, representing the ratio of liquid viscou
and drag forces to surface tension forces#, the authors15

showed that the transition between an oscillatory regi
~which does not divide the drop! and the so-called ‘‘bag
breakup’’ ~which leads to the drop destruction and its dis
tegration into a wide number of smaller drops! was occurring
when the Weber number, We, based on the diameter of
drop, was approximately equal to 10. For a drop sized0

approximately equal to 25mm in our case, and a valuemL

51023 Kg m21 s21 for the dynamic viscosity of water, we
find that Oh;231022. Consequently, the critical value W
510 applies to our experiment and the diameter,d, of the
water drops constituting the spray for our working conditio
should be such as:

We5
rgU2d

g
510. ~29!

Given the velocityU5125 m/s of the nitrogen flow, this
expression yields a valued537mm, approximately 50%
higher than our experimental findings. A possible expla
tion for this difference could be that the typical size of t
initial structures produced by the primary instability wou
be so large that the actual We is much greater than 10. In
case, after Hsianget al.,15 this situation was observed to giv
rise to a ‘‘multimode breakup’’ which produces a wide va
ety of drop sizes, including very fine droplets~see
Krzeczkowski16 for photographs of this regime!.

FIG. 21. Radial distribution of the mean diametersD10 and D30 for an
upstream gas pressureP543105 Pa and a liquid flow rateQ51.66l /mn.

FIG. 22. Radial distribution of the velocity of the smallest droplets in t
spray atz5100 mm.
L. Martin Witkowski and P. Marty



-
ga
h
th
ra

. A
A

tio
ta
t t
e
pa
m
u

ni
te
ri
lo
th

r
b

or
u

he
A

he
n

ya

’’

r-

s of
o-

r,’’

a

,’’

ree-
ct

ve

id

l,
r-

995

is,

ve-
n-

nd-

n

V. CONCLUSION

In the first part, a linear stability study of a two
dimensional liquid sheet of metal sandwiched between
flows has been presented. The effect of a magnetic field
been studied according to its orientation with respect to
sheet. The wave numbers of maximum temporal growth
have been found to scale with We (DV)2, independently of
the direction or intensity of the magnetic field. When We@1,
it has been shown that the growth rateV i of the instability is
decreased when a perpendicular magnetic field is applied
opposite effect has been observed with a parallel field.
explanation based on the modification of the penetra
depth of the hydrodynamic streamlines in the liquid me
has been proposed. This explanation takes into accoun
effect of inertia of the fluid involved in the instability on th
growth rate. In the asymptotic case of high interaction
rameters (N@1), analytical expressions of the maximu
growth rateV i max have been obtained and compared to n
merical results.

Experimental results obtained by atomization of a co
cal water sheet with a nitrogen flow have been presen
Although conducted for a particular set of values of the va
ous parameters, the particle size measurements are in g
agreement with the first part of this paper, suggesting that
dependence of the drop size,d, with the gas velocity,Ug ,
follows a Ug

22 power law. This is in agreement with othe
experimental works made on circular liquid jets atomized
a coaxial circular gas flow~see Hopfinger and Lasheras,13

1994 or Ledouxet al.,11 1995 for example!.
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APPENDIX: COEFFICIENTS OF THE DISPERSION
EQUATION

The coefficientsa i of Eq. ~10! are:

a052~V1
21V2

2!
k

K
r~coth~2K !!12

k2

K

r

We
~coth~2K !!

2
k2

K2 r22
k2

We22V1
2V2

21
k

We
~V1

21V2
2!1

1

k2Fr2

1
1

Frk
~V1

22V2
2!,
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21V11V2

21V2!
r

K
~coth~2K !!

24
k

K

r

We
~coth~2K !!14

k

K2 r21
2

k
~V1

1V2!V1V222
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1
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Fr
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a252~21V1
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We
~coth~2K !!26r2
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1

k2 ~V1
21V2

214V1V2!1
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kWe
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a35
~412V112V2!coth~2K !r

k2K
1
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