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Flow dri venby Marangoni convection and Rotating Magnetic Field
in a Floating-Zoneconfiguration
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This papertreatstheaxisymmetricflow drivenby Marangoniconvectionanda RotatingMagnetic
Field (RMF) in a Floating-Zoneconfiguration. For a low Prandtlnumberliquid, and different
Marangonivalues,weinvestigatetheevolutionof theflow astheintensityof theRMF is increased.
It evolvesfrom a Marangonidominatedflow to a RMF dominatedflow. We particularlyemphasise
andexplain the transitionregion whereboth sourcesof motion surprisinglytend to canceleach
other.

Intr oduction Float-Zoneis the methodof choiceto producehigh-purity silicon
crystals. A polycrystallinerod is moved througha heater. As the melt solidifies on a
crystalseeda singlecrystalgrows. This containerlesstechniqueyields dislocation-free
crystal. The presenceof thermallyinducedsurfacetensiongradientsalongthe freesur-
faceleadsto astrongconvection(calledMarangoniconvection)in themelt thatproduces
undesirablemacroandmicrosegregation.A drasticreductionof microsegregationdueto
a rotatingmagneticfield (RMF) in acrystalgrown with floating-zonetechniquehasbeen
shown experimentally[1]. The effect of the RMF is to producea prescribedazimuthal
body force in the melt. In the experiments[1], the flow is in a regime whererealistic
numericalsimulationis still difficult to achieve. We studya simplified situationto un-
derstandsomeof themechanismsthatoccurwhentheflow is drivenby bothsourcesof
motion.

The classicalmodelfor the studyof Marangoniconvectionin a liquid bridgeis to
considerthe liquid suspendedbetweentwo planarcircular isothermaldisksat different
temperature[2], [3]. Thebuoyantconvectionis usuallyneglectedwhencomparedto the
Marangoniconvection.This situationis oftenreferredto asa half-zone.While thefree-
surfacepositionis notknown a-priori,a furthersimplificationis to considerits locationto
beat a constantradius. In our study, we keepmostof half-zonesimplificationswith the
notableexceptionthatwe take bothdisksto beat meltingtemperatureanda heatflux is
prescribedalongthefreesurface.Suchmodelshave alreadybeenproposed[4], [5], [6].
We usethesameparabolicexpressionfor theheatflux asthelatter.

1. Problem formulation We usecylindrical coordinates with the axis
alongthecenterlineof thecylinder with theorigin at themiddleof theliquid region and
unit vectors . Thefreesurfaceis locatedat a radius andwe fix thedistance
betweenthefeedrodandthecrystalat .

We make the assumptionthat the flow remainsaxisymmetricandsteady. We nor-
malize length by and velocity by , where is the kinematicviscosity of the
fluid. We use the vorticity , stream-function formulation where

and the velocity . We introducethe



angularmomentum . TheNavier-Stokesequationsare

(1)

(2)

Tm (3)

TheTaylormagneticnumberTmis , where is thedensityand is the
electricalconductivity of thefluid and is theintensityof themagneticfield. TheRMF
is a spatiallyuniform tranversefield which rotatesat an angularvelocity aroundthe
verticalcenterlineof thecylinder. (Its axial componentis zero.) Theactionof theRMF
resultsin anazimuthalsourcetermin themomentumequation(lasttermin equation(3)).
Thebodyforcehasananalyticalexpression[7],

where (4)

is theelectricalpotentialand is theBesselfunctionof thefirst kind and th order, while
arethe rootsof . The electricalpotentialis normalizedby

. In orderto calculatethebodyforce, theelectriccurrent hasbeenapprox-
imatedby , where is the vectorpotentialof the
appliedmagneticfield . We alsoassumedthe inducedfield dueto thecurrentsin the
melt to benegligible, which is trueaslong astheshieldingparameter is much
lessthanunity, wherethequantity is themagneticpermeabilityof thefluid. Thebody
forceis takento bethetime averageof . Thetime dependency canbeneglected
aslong asthevelocity of thefluid is smallcomparedto times . Theseassumptions
aremetin almostall crystal-growth experiments.

If the temperature is shiftedandnormalizedso that
where is the solidification temperature, is the thermalconductivity and is the
maximumheatflux imposedat thefreesurface,thentheenergy equationis

Pr
(5)

Theboundaryconditionsare

at

and
Ma Pr at

Weuseasymmetryconditionat . ThePrandtlnumberPr is andtheMarangoni
numberMa is where is thesurfacetensionand thethermal
diffusivity of thefluid.

Thesetof equationsandboundaryconditionsarediscretizedby a standardsecond-
orderaccuratefinite differencescheme.The steadystatesolutionsarecomputedusing
a Newton-Raphsonalgorithm[3]. The unknownsareproperlyorderedon eachnodeto
form a bandedmatrix. At eachNewton-Raphsoniteration,the matrix inversionis done
by theroutinesdgbtrf/dgbtrstakenfrom theLapacklibrary. Thebranchesof solutionsare
computedby acontinuationtechnique.All resultspresentedareperformedona

uniformgrid.
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Figure1: Left : Temperaturedistribution for thepurediffusivecaseMa andTm .
Right : Contoursof theazimuthalbodyforcedueto theRMF.
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Figure2: Evolutionof versusTm for Ma and andfor Pr .

2. Results We have setPr which is commonlyusedfor moltensemicon-
ductors.Themaximumvelocitiesin all resultspresentedhereareweakenoughthat the
shapeof isothermsarecloseto thepureconductivecasepresentedin figure1. Themax-
imum temperatureis . The azimuthalbody force dueto the RMF is also
presentedin figure1. Thepeakvalueis at .

Whenthemagneticfield is setto zero(Tm ), theflow is purelymeridionalwith
a counterclockwisecell in . The maximumvalueof increases
with Ma andmostof theflow is concentratedin thecold corner, [4]. With only theRMF
(Ma ), thenwehavein additionto anazimuthalmotionameridionalcounterclockwise
cell drivenby theaxial variationof angularmomentum in (1) [8], [9].

Wevariedparametersin thespaceTm Ma to seetheresults
with combinedsourcesof motion.Figure2 showstheevolutionof themaximumvalueof
thestreamfunctionversusTm for variousMa.

As we follow any curvefor agivenMa, below acertainTm Tm thereis noeffect
of the RMF. This simply implies that the flow is dominatedby Marangoniconvection.
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Also asMa getslarger, Tm needsto be larger for the RMF to modify the flow. At the
otherextreme,for any Ma thereis alargeenoughTm Tm wherethecurvemergeswith
theMa curve,whichrelatesto thefactthattheflow is thenstronglydominatedby the
RMF. The most interestingregion is certainlyTm Tm Tm wherebotheffectsare
playingarole. While thebehavior of for Tm Tm orTm Tm is nosurprise,the
fact that decreasesbeforemerging with theMa curve wasunexpectedat first
sincebothcontributionsto themeridionalflow arecounterclockwiseandmight therefore
increase . Wepresentin figure3, contoursof and for thethreedifferentTmfor
Ma andPr .

ThecaseTm , illustratestheMarangonidominatedflow andwe find no sig-
nificantdecreaseof from thecasewithout RMF where . Here is
a passive scalar. The weakangularmomentumis stronglyconvectedby the Marangoni
convectionwhichexplainswhy thepeakvalueof is not at asone
would find if Ma . In sucha case,thepeakvaluewould have been . The
Marangoniflow increasesthedissipationof by forcing it towardthecold corneraway
from its source.

For Tm , we still find that is convectedby the Marangoniflow, the maxi-
mumvalue would have been andlocatedat if . The
angularmomentumis now largeenoughto beasourcetermin thevorticity equation.The
strongaxial gradientof angularmomentumin the region and
woulddriveaclockwisecell if it wastheonly sourceof motion.Hereit only opposesthe
Marangoniflow. Thisactioncouldbecompensatedby theevenstrongeraxialvariationof
angularmomentumin and regionthatshouldincreasethecounterclock-
wise circulationbut this axial variationtakesplacein a viscositydominatedregion and
turnsout to have little effect. In theregion , thereis a cleartendency to
bidimensionalitywith strongz-independentangularmomentumandthemeridionalmo-
tion is damped.This is a consequenceof a Taylor-columneffect. Themaximumof is
thenshiftedtowardthecoldcorneraway from thebidimensionalregion.

For Tm , theflow is totally dominatedby theRMF. We find the structure
of a well definedcoreregion wherethe angularmomentumis z-independentanda spa-
tially oscillatingBödewadt layer for approximately. TheMarangoniconvection
doesnot prevent the flow from achieving high angularmomentum.This regime is well
describedin [9]. Here but this valuemustbetakencautiouslybecausethe
grid is too coarsenearthetop wall. It is importantto noticealsothatthemaximumvalue
of is fairly closeto thetop wall sothatevenif the is lower thanthevaluefound
in theMarangonidominatedcase,thevalueof theradialvelocity alongthesolidification
front is muchhigherwhentheRMF dominates.

Wecantry to roughlyestimatetherelationshipbetweenMa, Pr andTmfor whichthe
transitionfrom a Marangonidominatedto a RMF dominatedflow will occur. A similar
situationhasbeenanalyzedin [10] with the notableexceptionthat the meridionalflow
is driven by a body force distributed throughoutthe volumeratherthanby surface
forces. In suchcase,for a sufficiently largeReynoldsnumberflow, thecriterion to have
a dominantazimuthalmotion is that Re , whereRe is the effective Reynolds
numberbasedon themaximumvalueof themeridionalflow, and aresomescaling
for theazimuthalandmeridionalforcing. In fact,wefoundthattheabovecriterionseems
to beinappropriateto predictcorrectlythetransitionfor thepresentconfiguration.

As long asthetemperaturealongthefreesurfaceis not varying,thevorticity is pre-
scribedat . For with no azimuthalforcing, themaximumof thetemper-
aturehasdecreasedto . This variationis small andprobablyunimportant.
We thenusethe diffusive temperaturedistribution, to scalethe surfaceforce appliedat
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Figure3: Contoursof and (left andright) for andPr . Fromtop
to bottomTm and
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with
Ma
Pr

Ma
Pr

(6)

Similarly, wescaletheazimuthalbodyforceby

Tm Tm (7)

We candefineapproximatelyTm wheretheflow is dominatedby azimuthalmotionwith
the value of Tm when is minimum. We then get the following valuesTm

, , , for Ma , , , . Theresultsobtainedfor
Ma arenot representedin figure2 andareprobablycrudewith our grid resolution
but qualitatively correct.As Ma variesfrom to , we find thatRevariesfrom to

. Interestingly, gives which is asimple
but reasonableestimatefor Tm .

Thekey differencebetweenthevolumeandsurfaceforcescanbeunderstoodby the
following argument.As statedin [10], whenthemeridionalforcesaredistributedin the
volume,thereis a redistribution of theangularmomentumsuchthat com-
pensates in thevorticity equation,sothattheazimuthalvorticity is everywhere
smallerwith theazimuthalbodyforce thanit is with only themeridionalbody force. In
thepresentproblem,azimuthalvorticity is producedby surfaceforcesandits magnitude
at the free surfaceis essentiallythe samefor any Tm. Now thereis a redistribution of
the angularmomentumsuchthat opposesthe diffusionandconvectionof
azimuthalvorticity from thefreesurfaceto theinterior.

3. Conclusions This studyshows that an axisymmetric,Maragonidrivenflow is
affectedby a RMF whenbothmeridionalandazimuthalforcing arebroadlyof thesame
orderof magnitude. The importantchangesin a crystalgrown by Float-Zonewith an
RMF are occurringin a rangeTm for Ma [1]. Thus a much weaker
RMF thanwhatwould bepredictedin this work affect themicrosegregationdistribution
in the crystalproduced.This supportsthe ideathat the axisymmetrichypothesisis too
restrictiveandthatabetterunderstandingof thestability of suchabaseflow with respect
to azimuthalandtimedependenceis needed.
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