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Multidomain Analytical–Numerical Solution for
a Rotating Magnetic Field with a Finite-Length

Conducting Cylinder
L. Martin Witkowski, P. Marty, and J. S. Walker

Abstract—This paper treats the rotating magnetic field pro-
duced by a cylindrical sheet of temporally and azimuthally
periodic axial electric current with a finite-length, electrically
conducting cylinder surrounded by an electrical insulator inside
the current sheet. As the frequency is increased, the magnetic
field produced by the induced current in the cylinder cancels pro-
gressively more of the current-sheet magnetic field in the interior
of the cylinder. This paper presents results for several different
frequencies and for several different length-to-diameter ratios
for the cylinder. It compares the results at the midplane of a long
cylinder to the analytical solution for an infinitely long cylinder. It
also compares results for a high frequency to the predictions from
the first two terms in an asymptotic expansion for high frequency.

Index Terms—Bessel functions, cylinders, electromagnetic
induction, finite difference methods, magnetohydrodynamics,
partial differential equations.

I. INTRODUCTION

T HIS PAPER presents numerical results for the periodic
magnetic field produced in a conducting cylinder by a

cylindrical sheet of axial electric current whose current den-
sity varies periodically with both time and the azimuthal coor-
dinate. There is a finite-length, electrically conducting cylinder
that lies along the centerline of the current sheet and whose ra-
dius is smaller than that of the current sheet. The rest of the in-
terior of the current sheet is an electrical insulator. Such an az-
imuthally and temporally periodic magnetic field, often called
a rotating magnetic field (RMF), has a constant spatial pattern
which rotates at an angular velocity related to the frequency of
the periodic electric current and the number of poles. There are
many important applications of RMF’s. For example, RMF’s
have been used for many years to stir molten steel or aluminum
during the continuous casting of cylindrical billets [1], and re-
cently RMF’s have been used to stir the liquid during the growth
of semiconductor crystals from a melt [2].

We focus on the geometry for crystal-growth applications in
which the electrically conducting cylinder represents the liquid,
and the electrical insulator represents the crystal, ampoule or
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crucible, atmosphere inside the crystal-growth furnace, etc. For
most semiconductors, the liquid behaves as a liquid metal with a
large electrical conductivity, while the solid has a much smaller
electrical conductivity, e.g., a 20-to-1 ratio for silicon. To date,
most models of crystal growth with RMF’s have assumed that
the frequency of the RMF is sufficiently low and that the mag-
netic field penetrates instantly across the entire liquid region be-
cause the magnetic field due to the induced electric current in the
liquid is negligible [3]. However, RMF’s with higher frequen-
cies, such as 400 Hz, may have advantages over low-frequency
RMF’s, and for large systems, such as the Czochralski process,
the induced magnetic field is not negligible for 50 Hz.

There are several major differences between induction
heating and RMF’s that preclude transfer of the induc-
tion-heating modeling methods to RMF problems [4]–[6].
For RMF’s, all three components of the magnetic field are
nonzero everywhere, and all three components of the electric
current density are nonzero in the conductor. The azimuthal
variation of the magnetic field and electric current preclude
the use of the stream functions and Green’s functions used for
the axisymmetric variables in induction heating or levitation
problems.

If both the conducting cylinder and the current sheet are infin-
itely long, then there is only a plane, two-dimensional problem
governing , , and , where are
cylindrical coordinates with the units vectors, , and
with the axis along the common centerline of the electrical
conductor and of the concentric current sheet. Solutions for the
magnetic field and for the stirring of the liquid were presented
by Martin Witkowski and Marty [7] for any frequency. For the
three-dimensional, nonaxisymmetric RMF with a finite-length
conducting cylinder, there appears to be only one paper in the
literature by Mazuruket al. [8]. Their solution differs from the
present one in several ways. They assume that the radius of
the current sheet producing the RMF is infinite. Their solu-
tion involves two analytical solutions: one for the electrically
insulating exterior of the cylinder and one for its electrically
conducting interior. Matching the two analytical solutions at
the exterior surfaces of the conductor leads to some extremely
complex equations, the numerical solution of which required a
simplification that limits the validity of the results to relatively
low frequencies. Therefore, their solution represents a major ad-
vance over the common neglect of induced magnetic fields, but
it is still limited to combinations of the frequency and cylinder
radius for which the shielding parameter is less than a certain
value.
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In our solution, the radius of the current sheet is arbitrary, al-
though we do assume that it is infinitely long. Our approach in-
volves matching numerical solutions for the conducting cylinder
and for the insulator in the annular region between cylinder and
the current sheet with an analytical solution for the insulator in
the semi-infinite cylindrical domain axially beyond either end
of the cylinder. With the caveat that one must numerically re-
solve the skin-depth layers adjacent to the conductor’s exterior
surfaces for high frequencies, our model gives accurate results
over the entire range from low frequencies to extremely high
frequencies. Indeed, this model with appropriate spatial reso-
lution gives better results for extremely high frequencies than
those obtained from the first two terms in an asymptotic solu-
tion for large shielding parameter because the asymptotic solu-
tion introduces physically unrealistic discontinuities at the top
and bottom circumferences of the conducting cylinder.

II. PROBLEM FORMULATION

We consider an electrically conducting cylinder that has a ra-
dius and an axial length , which is surrounded by an elec-
trical insulator, and which is subjected to a rotating magnetic
field produced by a temporally and azimuthally periodic axial
electric-current sheet at an infinitely long, concentric, cylin-
drical surface with a radius , where . For the current
sheet, the electric current per unit length in the azimuthal direc-
tion is , where is the peak current,

is the number of poles of the magnetic field,is the circular
frequency, and is time. The geometry is sketched in Fig. 1 with

and all lengths normalized by. The material around the
current sheet has an infinite magnetic permeability, while both
the conducting cylinder and the insulator inside the current sheet
have the magnetic permeability of a vacuum. For , the
electric field , the magnetic field , and the electric current
density are governed by Maxwell’s equations neglecting dis-
placement currents

(1)

(2)

(3)

(4)

We also have for the insulator and Ohm’s law

(5)

for the conductor, where is its electrical conductivity. If the
electrical conductor is a liquid, then Ohm’s law (5) assumes that
the liquid’s velocity is much smaller than [9].

The boundary condition on at the current sheet is

at (6)

With (2) and (6), is automatically zero at . All com-
ponents of are continuous across the boundaries at and

between the conductor and the insulator. In the con-
ductor

at (7)

at (8)

Because of the symmetry, we need only treat with
suitable symmetry conditions at . Neglecting the transient
when the current sheet starts,, , and have the form

(9)

where is the complex modal func-
tion. Henceforth all variables are complex modal functions of
and , so that we drop the asterisks.

In the insulator , so that we can introduce a complex
potential function to satisfy (2), where ,

, and . Equation (3) gives the gov-
erning equation

(10)

in the insulator, where

(11)

With normalized by , (6) gives

at (12)

As , the magnetic field perturbation created by the
conductor decays exponentially, so that

as (13)

For the conductor, we eliminate by substituting (5) into (1),
and we normalize and with and , respectively.
Then (1)–(4) become

(14)

(15)

(16)

(17)

(18)

(19)
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Fig. 1. Geometry with lengths normalized by the radiusR of the conducting
cylinder. The axial electric currentJJJ concentrated atr = a is periodic in both
time and�.

(20)

(21)

where is the shielding parameter. We can dis-
card (15) and (18) with no loss of determinacy.

We reduce the problem for the conductor to two scalar, com-
plex functions, and , and we obtain
expressions for the other variables with the following steps.
Equation (20) is an expression for . Substituting this expres-
sion into (17) and (19) gives expressions forand , so that
(21) becomes an expression for. Substituting these expres-
sions into (14) and (16) gives the governing equations

(22)

(23)

For the elliptic operator , is a regular singular point.
The method of Frobenius [10] shows that the small-power
series expansions for the two linearly independent solutions for

, , or have the form

(24)

where or . The boundary conditions at must
exclude the solution with for each variable.

III. H YBRID ANALYTICAL FINITE-DIFFERENCESOLUTION

For the problem described in the previous section, we com-
bine an analytical solution for with finite-difference

solutions for . This hybrid method has two advan-
tages over a numerical treatment for the entire domain: 1) less
memory is required because the total number of unknowns is
much smaller and 2) there is no need to truncate the domain and
to apply an artificial boundary condition at some large value of
.
There are now three domains in the plane, as sketched

in Fig. 2: domain 1 is the conductor for and
; domain 2 is the insulator between the conductor and

the current sheet for and ; and domain
3 is the insulator above the conductor for and

. Equations (22) and (23) are the governing equations for
domain 1, while (10) is the governing equation for both domains
2 and 3. The boundary conditions at between domains 1
and 2, and the boundary conditions at between domains
1 and 3 were presented in the previous section. The boundary
at between domains 2 and 3 is an artifact of our hybrid
method, so that should have a Taylor series in at each
point along this boundary, and this series should be valid in both
domains. Since (10) applies in both domains, continuity of
and of at this boundary is sufficient to insure that all
derivatives of are continuous here, so that such a Taylor series
does exist.

For domain 3, the separation of variables solution that satis-
fies (10), (12), and (13), and which excludes behavior near

is

(25)

where is the Bessel function of the first kind and of order
, while are the roots of . The conditions at

the boundary at with domains 1 and 2 determine the
coefficients .

For domain 2, we introduce , where
also satisfies (10). The discrete algebraic equations for domains
1 or 2 were derived using a standard second-order finite-differ-
ence method with a regular grid. There are ( )
grid points for domain 1 and ( ) grid points for
domain 2. The grid points in thedirection for both domains are

, for to , where . The
grid points in the direction for domain 1 are ,
for to , where , and for domain
2 are , for to , where

. To solve the set of discrete equations in
either domain, we used the solver “hwscyl.f” in the FISHPACK
library [11], which we modified for complex values.

A. Boundary Conditions at

The boundary conditions at involve matching two fi-
nite-difference solutions, which is currently being studied by
many researchers as part of the domain decomposition used
for parallel computing. The boundary condition on domain 2
at is the value of computed from the solution in
domain 1

for to (26)
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Fig. 2. Domains for the hybrid solution with boundaries� at r = 1 for
0 � z � h between domains 1 and 2,� at z = h for 0 � r � 1 between
domains 1 and 3, and� atz = h for 1 � r � a between domains 2 and 3.

The boundary conditions on domain 1 at are the values
of and computed from the solution in domain 2. For

, we use (10) evaluated at , so that

for

for to

for

(27)

In order to obtain a second-order accurate expression for
from the solution for domain 2, we

used the Taylor series expansion ofaround and ,
and we used (10) evaluated at this point

(28)

The other values of are

for

for to .
(29)

B. Boundary Conditions at and

The coefficients in the solution (25) for domain 3 are de-
termined from the values of computed from the finite
difference solutions in domains 1 and 2. Using the orthogonality
of the Bessel functions

(30)

for to , where (25) is truncated after . The
integral in (30) is evaluated using a linear interpolation between
adjacent radial grid points

(31)

for , where or 2 for domain 1 or 2.
Equation (28) gives at and , while Taylor
series in and (10) evaluated at were used to
obtain second-order accurate expressions for the other values of

at from the solution for domain 2 in (32) at the
bottom of the page.

The boundary condition for domain 2 at is the value of
computed from the solution (25) for domain 3

for to

(33)
The boundary conditions for domain 1 at are the values of

and computed from the solution (25) for domain 3

(34)

(35)

for to , where the prime denotes differentiation
of the Bessel function.

For domain 1, we found that the boundary conditions

at (36)

excluded the behavior and led to the small-behavior cor-
responding to (24) with .

for to (32)
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Our iterative solution sequence involved the following steps:

1) use the modified “hwscyl.f” to solve for and in
domain 1 with the boundary conditions at from do-
main 2 and at from domain 3;

2) use the modified “hwscyl.f” to solve for in domain 2
with the boundary conditions at from domain 1 and
at from domain 3;

3) compute from (30)–(32).
A relaxation factor was included for each calculation of a new
boundary condition for an adjacent domain.

IV. TEST PROBLEM

In order to validate our hybrid analytical finite-difference
method, we applied it to a mathematically similar problem
which has a simple analytical solution. The real scalar function

in a plane with the Cartesian coordinatesand has
the same domains and boundaries as those in Fig. 2 withand
replaced by and , respectively. The governing equations are

(37)

for domain 1, where is a parameter, and

(38)

for domains 2 and 3. The conditions are thatand are
continuous at , , and are continuous at both
and

at (39)

as (40)

while is an odd function of and an even function of.
The analytical solutions are

(41)

for domain 3

(42)

for domain 2, and

(43)

for domain 1, where and
. Using the orthogonality of the trigonometric func-

tions: 1) continuity of at or gives an explicit

Fig. 3. The values ofT and@T=@y at y = h from the analytical solution,
from the hybrid method with the coarse grid, and from the hybrid method with
the fine grid are denoted by the continuous lines, the open circles, and the
crosses, respectively.

expression for each or each as a sum over the ’s; 2)
continuity of and at gives explicit expressions
for each and each in terms of and , and hence in
terms of the ’s; and 3) substitution of these expressions into
the continuity of at and gives a set of simultaneous
linear algebraic equations for the ’s.

We combine the analytical solution (41) for domain 3 with the
finite-difference solutions of (37) for domain 1 and of (38) for
domain 2. At , continuity of or is the boundary
condition on domain 2 or 1, respectively. The values of
from the solution (41) for domain 3 are the boundary conditions
at and on domains 1 and 2. The values ofat
from domains 1 and 2 are used to compute thein (41) with a
linear interpolation for between grid points to evaluate the
integral of from to .

We present test-problem results for , , and
, where this peculiar value of was chosen to avoid the

special treatment of terms in the analytical solution with integer
values of or . For the domains 1 and 2 finite-
difference solutions, we used both a coarse grid, with

, , and , and a fine grid with ,
, and . Matching the finite-difference and

analytical solutions at is the critical step in the hybrid
method, so we first compare results along this line. The values
of and at from the analytical solution and from
the hybrid method with both grids are plotted in Fig. 3. Even
the coarse grid gives good results, while the fine grid gives even
better results.

The accuracy of the hybrid method for this test problem is fur-
ther illustrated by comparing the values of the coefficientsin
the domain 3 solution (41) from the entirely analytical method
and from the hybrid analytical–numerical method. The first five
coefficients from the analytical solution and the absolute value
of the difference between each value and the corresponding
value from the hybrid solution with the coarse or fine grid are
presented in Table I. With an even finer grid,



MARTIN WITKOWSKI et al.: MULTIDOMAIN ANALYTICAL–NUMERICAL SOLUTION 457

is comparable to , which is the order of the error in our en-
tirely analytical solution due to the truncation of the set of si-
multaneous, linear, algebraic equations for the coefficients.
In the hybrid solution, a relaxation factor of 0.5 was used in
the calculation of revised boundary conditions for an adjacent
domain. Forty iterations of the sequential solution for the three
domains was sufficient to achieve convergence for all grids con-
sidered.

V. MAGNETIC FIELD RESULTS

Having validated the hybrid analytical finite-difference
method for the mathematically similar test problem described
in Section IV, we now apply this method to the problem de-
scribed in Sections II and III for a rotating magnetic field with
a conducting cylinder. We present results for , ,
and for three combinations of values for and , each chosen
to provide a further validation of the hybrid method.

A. Results for and

In the asymptotic solution for , the magnetic field
in the conducting cylinder is confined to skin-depth layers that
are adjacent to the boundaries at and at

, and which have an dimensionless thickness. In
the numerical solution for relatively large values of , it is
important to resolve these layers. We found that values of
and equal to approximately provided excellent
resolution, and we generally chose to be close to .
For and , a grid with ,

and and gave excellent results, while
further grid refinement for domains 1 and 2 led to very small
changes in the results. We found that 0.45 was the optimum
relaxation factor in the revision of the boundary conditions for
the adjacent domains, and that 50 iterations were sufficient to
achieve convergence.

In order to validate the hybrid analytical finite-difference so-
lution for this case, we also obtained a solution using finite dif-
ferences everywhere. For this fully numerical solution, domain
3 was truncated at and was set equal to zero
here. The differences between the results of the fully numerical
and hybrid solutions are extremely small everywhere in all three
domains.

Since the critical steps in the hybrid approach are the match-
ings at and , we first look at the values of and

along these matching lines and continuing along into
domain 3 to . The plots of the real and imaginary parts
of and along these lines are presented in Fig. 4. The most
likely site for a problem in the hybrid approach is the junction
of the three domains at and . The results in Fig. 4
clearly demonstrate that this point is not a problem for the hy-
brid approach. This success of the hybrid approach is further
demonstrated by the excellent agreement with the all finite-dif-
ference solution, where the domain matchings use standard and
well-validated finite-difference methods.

In Section II, the solution of Maxwell’s equations in the
conducting cylinder was reduced to two scalar equations (22)
and (23) governing and . The values of
and in the conductor are determined as part of the post

TABLE I
FIRST FIVE COEFFICIENTS IN THE DOMAIN

3 PART OF THE ENTIRELY ANALYTICAL SOLUTION AND THE MAGNITUDE OF

THE DIFFERENCEBETWEEN EACH COEFFICIENT AND THECORRESPONDING

COEFFICIENT IN THEHYBRID SOLUTION WITH BOTH GRIDS

processing after the iterative, sequential solution for the three
domains converges. In Section II, we indicated that can
be determined from (20) once and are known. This
method works well for small values of and for most of
the domain 1 for large values of , but (20) gives erroneous
results for near and for even moderately
large values of . In the asymptotic solution for ,
the two skin-depth layers intersect to form a corner region
with and adjacent to the
corner at and . Inside this corner region, the
leading-order terms in (20) are , where

and are the appropriately stretched local radial and
axial coordinates, while only enters (20) for this corner
region for the higher order perturbations of and .
The numerical solution for has exactly the be-
havior expected from the large- corner region. Near
and , and both become very large,
have very nearly equal magnitudes, and have opposite signs.
Therefore, computing from (20) involves the difference
between two nearly equal values, thus losing all accuracy lo-
cally. A mathematically equivalent and numerically accurate
method to determine during postprocessing is to solve
an elliptic equation governing , which is obtained
by substituting (17), (19), and (20) into (15)

(44)

For the large- analysis, (44) leads directly to the correct
equations governing the in the corner region and in
both skin-depth layers, so that (44) is a uniformly valid equation
for over the entire domain 1 for all values of , including

. The boundary conditions are

at (45)

at (46)

at (47)
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(a) (b) (c) (d)

(e) (f) (g) (h)

Fig. 4. B andB atr = 1 andz = h for R = 100,h = 0:8 anda = 1:6. (a)<e(B ) atz = h. (b)=m(B ) atz = h. (c)<e(B ) atr = 1. (d)=m(B )
at r = 1. (e)<e(B ) at z = h. (f) =m(B ) at z = h. (g)<e(B ) at r = 1. (h)=m(B ) at r = 1.

where the values of in (45) and (46) are computed from the
finite-difference solution for domain 2 and from the analytical
solution for domain 3, respectively. In addition, is an even
function of . Contours of the real and imaginary parts of
are presented in Fig. 5. The skin-depth layers and the corner
region formed by the intersection of the skin-depth layers are
evident in both parts of Fig. 5, although they are not very thin
for . Clearly is
more than adequate to resolve the gradients near and

.

B. Results for and

For this case, we used grids for domains 1 and 2 with
, , and and we used . In

both the conductor and the insulator, the results for
are virtually independent of. Therefore, we expect the results
at for to match the results for an infinitely
long cylinder. For , all variables are independent of,

, , and , where is the
complex modal function for the component of the magnetic
vector potential. There is a simple analytical solution [7] for the

coupled ordinary differential equations governing , namely
for , and

(48)
for , where and

. The real and imaginary parts of
and for and from the solution for the
infinitely long cylinder and from the hybrid solution for
, evaluated at , are plotted in Fig. 6. The agreement is

excellent.

C. Results for and

The results presented in Fig. 5 for have the qual-
itative features of the asymptotic solution for , but the
regions of nonzero magnetic field are not thin, so that we would
not expect good quantitative agreement.

In order to approach quantitative agreement with the
large- solution, we applied the hybrid method to the case
with and . For the grids in domains 1 and
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Fig. 5. Contours of the real and imaginary parts ofB forR = 100,h = 0:8
anda = 1:6. (a)<e(B ) = �0:1 + 0:2k for k = 0 to 7. (b)=m(B ) =
�0:03 + 0:1k for k = 0 to 5. The dash-dot lines represent the cylinder’s
borders.

Fig. 6. Real and imaginary parts ofB andB for R = 100 anda = 1:6.
Values from the analytical solution for an infinitely long conducting cylinder are
denoted by the continuous lines, while values atz = 0 from the hybrid solution
for h = 3 are denoted by various symbols.

Fig. 7. Real and imaginary parts ofB andB atz = h for R = 1000 and
h = 0:8. The dot-dash lines are the results of the hybrid solution for arbitrary
R and the solid lines are the results of the approximate solution forR � 1.

2, , , and , for the truncated
series in domain 3, , and for the boundary conditions
between domains the relaxation factor equals 0.45. Again,
roughly 50 iterations were sufficient to achieve convergence.

Equations (17)–(20) with govern , ,
and in domains 2 and 3. Since these equations do not involve

, the perturbations for in domains 2 and 3 arise from
the matching conditions at and . The derivation of
the asymptotic solution for in the conducting cylinder
follows a standard procedure and leads to successive boundary
conditions on the various orders of at and of at

. We derived approximate solutions for domains 2 and
3 by combining the and boundary conditions
at each boundary. This approximate solution neglects
terms. The boundary conditions on the approximate solutions
for domains 2 and 3 are given by the solutions in the skin-depth
layers in the conducting cylinder

(49)

for domain 2 at for , and

(50)
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for domain 3 at for . Since appears in (49)
and (50), a value of must be specified, but the asymptotic
solution for domains 2 and 3 also assumes thatis sufficiently
large that terms are negligible. The analytical solution
(25) was used for domain 3, and a numerical solution was used
for domain 2. In addition to the boundary conditions (49) and
(50), the approximate solutions for domains 2 and 3 are matched
at the boundary at for .

The values of and at from the hybrid solution
and from the large- approximate solution for and

are plotted in Fig. 7. The oscillations in the approxi-
mate results arise from a Gibbs phenomenon because the series
(25) must match a discontinuity in slope at . This disconti-
nuity does not exist in reality or in the arbitrary- hybrid solu-
tion, but it enters the large- approximate solution because the
latter neglects the smoothing due to the
corner region in the conductor, since this smoothing is formally

. The agreement in Fig. 7 is generally very good, and,
where there are differences, the hybrid solution is probably more
accurate because the corner region is clearly still playing an
important role for . An extension to a approxi-
mate, large- solution including terms would involve
solving an elliptic problem for the corner region, which is com-
parable to the elliptic problem for domain 1 in the hybrid so-
lution. Therefore, the hybrid solution with adequate resolution
near and probably gives better results than any
practical asymptotic solution, even for very large values of.
Meyeret al. [6] reached the same conclusion for the induction
heating and magnetic levitation with purely azimuthal electric
currents.

VI. CONCLUDING REMARKS

This paper focuses on a rotating magnetic field in an infinite
domain with a finite-dimension electrical conductor surrounded
by an electrical insulator. The equations for the insulator often
lead to simple analytical solutions. For the present geometry, the
insulator solution involves separation of variables, while other
geometries might lead to the superposition of Green’s functions
or to a Fourier transform solution. The hybrid approach com-
bines the simple analytical solution for the infinite region of the
insulator with numerical solutions for the finite-dimension con-
ductor and for a small adjacent insulator region. The key step
in this hybrid approach is the accurate matching between the
analytical and numerical solutions at the interfaces of their do-
mains. The advantages of this hybrid approach over a purely nu-
merical solution are: 1) there are fewer unknowns and 2) there
is no need for artificial conditions at boundaries where the infi-
nite domain is truncated. On the other hand, the computer time
required to accurately evaluate the Bessel-function integrals in

(30) partially offsets the reduction in computer time gained with
fewer unknowns.

Here we treated a problem which is periodic in time. Since
(2) and (3) with for the insulator do not involve a time
derivative, the hybrid approach can be applied to much more
general transient problems in which the insulator solution is an
instantaneous solution which matches and provides boundary
conditions for the transient problem in the electrical conductor.
Therefore, numerical time integration is only required for the
conductor with time-independent boundary conditions at each
interface with the insulator. This approach has been previously
applied to dynamo problems with an electrically conducting
sphere surrounded by an unbounded insulator [12]. The sep-
aration-of-variables solution for the insulator then involves
various spherical harmonic functions. Thus, we have applied a
method previously used for dynamo problems to the geometry
of crystal-growth processes with RMF’s from finite-radius
inductors. Our solution applies when the axial length of the
inductor is longer than the axial length of the liquid region.
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