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This paper treats the first hydrodynamic instability for a uniform-density, electrically conducting
liquid in a finite-length cylinder which is rotating about its centerline. There is a uniform, transverse
magnetic field which rotates about the cylinder’s centerline and which produces a steady,
axisymmetric, azimuthal body force on the liquid. For the initial transition from a steady,
axisymmetric flow to a periodic, nonaxisymmetric flow, results for the critical value of the magnetic
Taylor number and for the frequency of the critical disturbance are presented as functions of the
Reynolds number for the cylinder rotation. Rotations of the cylinder and of the magnetic field in the
same azimuthal direction and in opposite directions are considered. ©2004 American Institute of
Physics. @DOI: 10.1063/1.1737740#

I. INTRODUCTION

A rotating magnetic field~RMF! can be used to stir an
electrically conducting liquid. A RMF is produced by con-
necting the successive phases of a multiphase ac power
source to a series of inductors at equally spaced azimuthal
positions around an axis. A RMF has a spatially constant,
transverse pattern which rotates with a constant angular ve-
locity v around its axis. For an electrically conducting liquid
with azimuthal symmetry around the axis of the RMF, the
periodic axial electric currents induced by the RMF interact
with the RMF to produce an azimuthal body force on the
liquid in the direction of the RMF rotation. This body force
drives an azimuthal velocity in the liquid, and the axial varia-
tion of the centrifugal force due to this azimuthal velocity
drives a meridional circulation with radial and axial veloci-
ties.

The application of a RMF during the continuous casting
of steel or aluminum can produce more homogeneous cast-
ings with better metallurgical properties.1 The metallurgical
applications motivated the first models of the flow driven by
a RMF.2–4 A RMF was first applied during the growth of a
single crystal from a body of molten semiconductor in 1958,5

but major interest in the application of a RMF during semi-
conductor crystal growth did not begin until the 1990s. Dold
and Benz6 recently reviewed the experimental studies of
semiconductor crystal growth with a RMF. Experiments have
shown that the application of a RMF generally leads to a
better crystal, as long as the flow driven by the RMF is
steady and axisymmetric. Unfortunately an instability in the
RMF-driven flow involves a transition to a periodic, nonaxi-
symmetric flow, and such a flow produces several undesir-
able properties in the crystal.

The first attempts to model the instability of the flow in
a finite-length cylinder with a RMF involved the time-
integration of the Navier–Stokes equations for unsteady, axi-

symmetric flow.7–12 For a cylinder with a height to diameter
ratio b51, these studies predicted critical values of the mag-
netic Taylor number,Tmcr , ranging from 54 000 to 280 000.
This extreme disparity between the predictions of nominally
equivalent numerical solutions was resolved by the linear
stability analysis presented by Grants and Gerbeth.13 Like
the previous models, Grants and Gerbeth13 only considered
axisymmetric perturbations to the steady, axisymmetric base
flow driven by a RMF in a finite-length cylinder. They dem-
onstrated that extremely fine spatial resolution is required in
order to obtain the correct result. They showed that there are
three perturbation patterns which initially grow rapidly, but
which ultimately decay, albeit very slowly. They also showed
that small spatial truncation errors numerically amplify these
perturbations enough to mask their true slow decay. Forb
51, the correctTmcr for the transition from the steady, axi-
symmetric base flow to a periodic axisymmetric flow is
163 610.13 Grants and Gerbeth14 recently presented a linear
stability analysis with three-dimensional perturbations. They
found that the first instability occurs atTmcr5123 200 for
b51 and involves anm52 mode, wherem is the integer
azimuthal wave number.

A periodic, nonaxisymmetric flow during semiconductor
crystal growth produces several undesirable characteristics in
the crystal, so that a RMF should only be used withTm
,Tmcr . The meridional circulation produced by a RMF is
relatively small for Tm,Tmcr , thus limiting the benefits
from its stirring. It would be beneficial if the RMF-driven
flow could be stabilized, leading to a larger meridional cir-
culation before the instability of the steady, axisymmetric
base flow. The addition of a rigid-body rotation stabilizes
many flows, such as Rayleigh–Be´nard convection.15 For the
current problem of flow in a finite-length cylinder with a
RMF, a rigid-body rotation can be added by rotating the
cylinder about its centerline. This situation differs from prob-
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lems such as the Rayleigh–Be´nard instability because here
we are adding a rigid-body rotation to a flow which is al-
ready dominated by the azimuthal velocity. This paper rep-
resents an extension of the linear stability analysis presented
by Grants and Gerbeth14 since they considered a fixed cylin-
der and we consider a cylinder which is rotating either in the
same direction as the RMF or in the opposite direction.

II. PROBLEM FORMULATION

In addition to the primary periodic magnetic field pro-
duced by the inductors at equally spaced azimuthal positions
around the liquid-filled cylinder, there is a secondary mag-
netic field which is produced by the periodic electric currents
in the liquid and which partially cancels the primary mag-
netic field in the interior of the liquid. The significance of the
secondary magnetic field depends on the value of the shield-
ing parameter,Rv5msvR2, wherem and s are the mag-
netic permeability and electrical conductivity of the liquid,
while R is the inside radius of the cylinder. In order to com-
pute typical values of all dimensionless parameters, we use
the properties of molten silicon16 with R51 cm and v
5100p rad/s ~50 Hz!. Our typical value forRv is 0.04,
which is definitely so small that the secondary magnetic field
is negligible.17

The RMFs for all crystal-growth experiments have in-
volved uniform transverse magnetic fields. The electromag-
netic ~EM! body force produced by the RMF and the peri-
odic electric currents in the liquid consists of:~1! a steady,
axisymmetric, azimuthal body force, and~2! a periodic, non-
axisymmetric body force with a frequency of 2v. If the fre-
quency of the RMF is very low, e.g., 0.01 Hz, then the liquid
responds to the periodic, nonaxisymmetric part of the EM
body force, so that the flow is periodic and nonaxisymmetric
for every value of the magnetic Taylor number.18 For mod-
erate frequencies, inertia limits the response to the periodic
body force with frequency 2v, so that the flow driven by the
periodic, nonaxisymmetric part of the EM body force is neg-
ligible compared to the flow driven by the steady, axisym-
metric part. The key parameters are the interaction parameter
N and the magnetic Taylor numberTm,

N5
sB2

rv
, ~1a!

Tm5
svB2R4

2rn2 , ~1b!

wherer andn are the density and kinematic viscosity of the
liquid, while B is the magnetic flux density of the RMF. For
our typical example with silicon,Tm5123 200 corresponds
to B53.9 mT, which givesN50.000 019 1. The ratio of the
maximum velocity driven by the periodic, nonaxisymmetric
part of the EM body force to its steady, axisymmetric coun-
terpart is at most 0.3N1/2 for Tm around 105, so that this
ratio is at most 0.0013 for our typical example.19 Thus we
need only consider the steady, axisymmetric part of the EM
body force produced by the RMF. In addition, the ratio of the
maximum liquid velocity tovR is 2.5N1/250.011, so that
the liquid velocity can be neglected in Ohm’s Law.19 As a

consequence, the periodic electric currents in the liquid and
the EM body force due to the RMF are decoupled from the
flow. Therefore this is not a magnetohydrodynamic flow with
an intrinsic coupling between the EM variables and the ve-
locity. Instead it is an ordinary hydrodynamic flow with a
known, steady, axisymmetric, azimuthal body force.

We use cylindrical coordinates (r ,u,z) with the z axis
along the cylinder’s centerline, which is also the axis of ro-
tation of the RMF. We normalizer andz with R, so that the
inside surfaces of the cylinder lie atr 51 and atz56b. The
dimensionless governing equations are

]v

]t
1~v"¹!v52¹p1Tm fuû1¹2v, ~2a!

¹"v50, ~2b!

where t, v, and p are time, velocity, and pressure, normal-
ized byR2/n, n/R, andrn2/R2, respectively, whilef u(r ,z)
is the dimensionless body force due to the RMF andr̂ ,û,ẑ
are unit vectors. For metallurgical applications, the solids at
z56b are electrically conducting, so thatf u5r .3,4 For
crystal-growth applications, the solids atz56b have elec-
trical conductivities which are much smaller thans, so that

f u5r 22 (
N51

` J1~lNr !cosh~lNz!

~lN
2 21!J1~lN!cosh~lNb!

, ~3!

where Jk is the Bessel function of the first kind andkth
order, while lN are the roots oflNJ0(lN)2J1(lN)50.19

The boundary conditions are

v5ReV û, at r 51, ~4a!

v5ReV r û, at z56b, ~4b!

where ReV5VR2/n is the Reynolds number for the cylinder
rotation with angular velocityV. Positive and negative val-
ues of ReV correspond to cylinder rotation in the same azi-
muthal direction as the RMF and in the opposite direction,
respectively.

For each of the variablesv r ,vu ,vz , p, we introduce the
form

v r5v r0~r ,z!1« Real@v r1~r ,z!exp~lt2 imu!#. ~5!

The subscript 0 denotes the variables for the steady, axisym-
metric base flow, the subscript 1 denotes the complex modal
functions, such asv r15v r1R1 iv r1I , for the small,O(«)
perturbation in the linear stability analysis,l5lR1 il I is
the complex eigenvalue, andm is the real, integer azimuthal
wave number.

For the base flow, we introduce the stream function
c0(r ,z) for the meridional circulation, where

v r05
1

r

]c0

]z
, ~6a!

vz052
1

r

]c0

]r
. ~6b!

We cross-differentiate ther and z components of the mo-
mentum equation~2a! for the steady, axisymmetric base flow
in order to eliminatep0 . Sincec0 andvu0 are odd and even
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functions ofz, respectively, we need only treat 0<z<b. We
representc0 and vu0 by sums of products of Chebyshev
polynomials inr and z. In z, we use the polynomials with
the correct symmetry. Inr , we insure that each representa-
tion has the correct Taylor series inr , namely only odd pow-
ers ofr for vu0 and only even powers ofr , starting withr 2,
for c0 . We apply the governing equations and boundary con-
ditions at the Gauss–Lobatto collocation points, includingr
50 andz50. For an equation or boundary condition which
is odd in z, we apply its derivative atz50. For example, the
boundary conditionc0(1,z)50 is applied at the Gauss–
Lobatto collocation points,zK5cos(Kp/2NZ) for K51 to
(NZ21). Sincec0 is an odd function ofz, it is automati-
cally zero atz50. Therefore we apply the additional bound-
ary condition]c0 /]z50 at r 51 and z50. On the other
hand,vu0(1,z)50 is applied at every collocation point, in-
cluding z50, but]vu0 /]z is automatically zero atr 51 and
z50, by symmetry. Therefore each equation or boundary
condition and its first derivative with respect toz are both
equal to zero atz50. Since we want each equation or bound-
ary condition to be as close to zero as possible between col-
location points, applying thez derivative atz50 helps be-
cause the largest gap between collocation points is adjacent
to z50. For each equation or boundary condition, we intro-
duce Taylor series inr , divide by the smallest power ofr and
take the limit asr→0. We solve the nonlinear, algebraic
equations for the coefficients in the Chebyshev polynomial
representations using a Newton–Raphson iteration.

Since the base flow is symmetric inz, we need only treat
0<z<b for the linear perturbation variables, as long as we
consider both symmetric and antisymmetric modes. A sym-
metric mode has the same symmetry as the base flow, so that
v r1 ,vu1 , andp1 are even functions ofz, while vz1 is an odd
function of z. For an antisymmetric mode,v r1 ,vu1 , andp1

are odd functions ofz, while vz1 is an even function ofz.
Different formulations are required for axisymmetric pertur-
bations withm50 and nonaxisymmetric perturbations with
m>1. Therefore we must treat four cases: symmetric or an-
tisymmetric modes withm50 or m>1. For axisymmetric
modes withm50, we introduce a perturbation stream func-
tion c1(r ,z), which is related tov r1 andvz1 by Eqs.~6! with
the subscript 0 replaced by the subscript 1. We eliminatep1

by the same cross-differentiation, so that we have a fourth-
order equation governingc1 and a second-order equation
governingvu1 . For a nonaxisymmetric mode withm>1, we
eliminatevu1 with the continuity equation~2b! and we elimi-
nate p1 with the u component of the momentum equation
~2a!. Each of these steps involves division bym. Thus we
have two four-order equations governingv r1 and vz1 . The
pair of equations governingv r1 and vz1 represent a well-
posed eigenvalue problem with~1! two boundary conditions
on v r1 and one boundary condition onvz1 at r 51 and ~2!
one boundary condition onv r1 and two boundary conditions
on vz1 at z51. The extra boundary conditions come from
vu150 which gives]v r1 /]r 50 at r 51 and]vz1 /]z50 at
z51. Each perturbation variable is represented as a sum
of products of Chebyshev polynomials with the correct sym-
metry in z and with the correct Taylor series inr . For ex-
ample, form>1, the Taylor series forv r1 includes only the

powersr (m21),r (m11), r (m13),r (m15),... . Thelinear equa-
tions and boundary conditions are applied at the Gauss–
Lobatto collocation points, with thez-derivative of each odd
equation applied atz50 and with the first term in the Taylor
series for each equation applied atr 50. The eigenvalues and
eigenvectors are obtained with two different methods:~1! the
shifted inverse iteration method20 and~2! the rgg subroutine
in the EISPAK library of eigenvalue subroutines. Inverse it-
eration is a very computationally efficient method to find the
eigenvalue closest to a specified point in the complexl
plane. Execution times for rgg are much longer than those
for inverse iteration, but rgg gives all the eigenvalues. For
the many runs needed to find individual points on the neutral
stability curve, we primarily use inverse iteration, but we
periodically repeat some calculations with rgg in order to
insure that we are in fact focused on the critical mode. The
rgg subroutine is particularly important near the transitions
between azimuthal modes because it identifies the critical
eigenvalue for the new value ofm.

For specific values forb,ReV and Tm, we first use the
Newton–Raphson iteration to find the steady, axisymmetric
base flow, and then we use the inverse iteration method and
rgg to find a number of eigenvalues for each of the symmet-
ric and antisymmetric modes form50,1,2,3,4,... . For spe-
cific values ofb and ReV , we increaseTm until one eigen-
value for one mode haslR50, while all other eigenvalues
for this mode and for all other modes havelR,0. This de-
fines the critical value of the magnetic Taylor numberTmcr ,
the dimensionless frequencyl I , the azimuthal wave number
m and the symmetry inz for the first instability for these
values ofb and ReV .

III. RESULTS

Grants and Gerbeth14 considered the variations ofTmcr

andl I as functions of the aspect ratiob for a fixed cylinder
with ReV50. We consider the variations ofTmcr and l I as
functions of ReV for a single aspect ratiob51. Grid refine-
ment studies indicated that 31 collocation points in 0<r
<1 and 47 collocation points in 0<z<1 give accurate re-
sults for all of the cases considered here. Forb51 and
ReV50, Grants and Gerbeth14 found that the first instability
involves a symmetricm52 mode withTmcr5123 200 and
l I5160.42, while we found the same mode withTmcr

5123 168 andl I5160.422. Our calculations with several
different grids indicate that the error inTmcr is less than 1%
for 0<ReV<1000 with 31 radial and 49 axial collocation
points. However, as ReV is decreased from zero, the numeri-
cal error for a fixed grid increases, apparently because the
radial and axial gradients ofvu0 nearr 5z51 increase dra-
matically. For ReV52225, our calculations with several
grids indicate that the error inTmcr is 2–3%. Clearly more
collocations points would be needed for ReV,2225, but we
did not pursue this because negative values of ReV are
clearly undesirable for crystal-growth applications. For all
the cases considered here forb51, the first instability in-
volves a symmetric mode withm51, 2, or 3.

The values ofTmcr for 2225<ReV<1000 are presented
in Fig. 1. As ReV is increased from zero,Tmcr for the sym-
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metricm52 mode first decreases from 123 168 to 121 686 at
ReV580 and then begins to increase. At ReV5728.46 and
Tmcr5172319, there is a switch from the symmetricm52
mode to the symmetricm53 mode. At ReV51000, Tmcr

5179610. We have not gone beyond ReV51000 because
this corresponds to 26.4 rpm for our typical silicon example,
and crystal-growth systems are seldom rotated faster than 25
rpm. Clearly rotating the cylinder in the direction of the
RMF can significantly increase the value ofTmcr . As ReV is
decreased from zero, there is an increase ofTmcr for the
symmetricm52 mode until the switch to the symmetricm
51 mode at ReV5240 andTmcr5125 172. For the sym-
metric m51 mode,Tmcr5127400 for ReV50 andb51.14

As ReV is decreased from240, there is a small increase in
Tmcr near ReV52165 and thenTmcr begins to decrease rap-
idly. This rapid decrease ofTmcr is apparently associated
with the development of a region withvu0,0 nearz51. As
z is increased, the centrifugal force associated withvu0 de-
creases to zero along some surface below the top boundary
and then increases again near the top. For much larger
negative values of ReV , this increasing centrifugal force
near z51 drives radially outward flow nearz51, but for
ReV52225, its effect is simply to push the radially inward
flow away fromz51. This is illustrated by the plots ofv r0

vs z at r 50.9 for the critical modes for ReV50 and for
ReV52225 in Fig. 2. The maximum values ofc0 are 14.497
and 14.492 for ReV50 and ReV52225, respectively, so that
the magnitudes of the base-flow meridional circulations are
almost equal, but atr 50.9, vu0,0 for 0.96<z<1 and
for ReV52225, and this local centrifugal force pushes the
inward part of the meridional circulation away from the
top boundary. While the boundary layer is thicker for ReV

52225, the local Reynolds number based on the minimum
value ofv r0 and the distance of that minimum fromz51 is
nearly the same for ReV50 and ReV52225.

There is a qualitative similarity between~1! the present

flow with the RMF and cylinder rotating in opposite azi-
muthal directions and~2! the flow in a cylinder with its pla-
nar top and bottom boundaries rotating in opposite azimuthal
directions. Gelfgatet al.21 treated the transition from a
steady, axisymmetric base flow to a periodic, axisymmetric
flow for a cylinder with counter-rotating top and bottom.
They presented the critical value of the Reynolds number
based on the larger angular velocity, Recr , as a function of
the ratioj of the smaller angular velocity to the larger one.
For j50, vu0>0 everywhere in the cylinder. Asj is de-
creased from zero, a region withvu0,0 begins to develop
near the end counter-rotating with the smaller angular veloc-
ity. As j is decreased from zero, Gelfgatet al.21 found that
Recr first increases and then remains relatively constant until
it decreases very rapidly from 2900 to 2000 nearj520.63.
The analogy between the present problem and the problem
treated by Gelfgatet al.21 is only qualitative for many rea-
sons, but there appears to be a similarity between the rapid
decrease ofTmcr for ReV,2170 in our problem and the
rapid decrease of Recr nearj520.63 in their problem. Both
rapid changes in stability appear to be related to the devel-
opment of a region withvu0,0 which is large enough to
significantly alter the characteristics of the meridional part of
the base flow.

A critical perturbation form>1 has a constant spatial
pattern which rotates in the1u direction with a dimension-
less angular velocity given byl I /m. The values ofl I /m for
each critical mode for2225<ReV<1000 are plotted in Fig.
3. As noted by Grants and Gerbeth,14 them51 mode propa-
gates in the2u direction. It is interesting that adding cylin-
der rotation in the2u direction, which decreases the values
of vu0 everywhere, reduces the magnitude of the negative
angular velocity for them51 mode. At the transition from
the m52 symmetric mode to them53 symmetric mode,
l I /m jumps from 431.78 to 807.51. For all three modes, the
critical perturbation is rotating with an angular velocity

FIG. 1. Critical value of the magnetic Taylor number as a function of the
Reynolds number for the cylinder rotation.

FIG. 2. Radial base-flow velocity vsz at r 50.9 for ReV50 and ReV
52225.
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which is less than the average angular velocity of the base-
flow azimuthal motion, so that some mechanism is causing
the perturbation to lag behind the base-flow azimuthal mo-
tion. For them51 mode, this is clearly true because the
perturbation propagates in the2u direction while the aver-
age base-flow angular velocity is certainly positive even for
ReV52225. Even for them53 mode,l I /m is very close to
ReV , while ReV is the minimum dimensionless angular ve-
locity for the azimuthal base flow, and the average is much
larger.

Grants and Gerbeth14 varied the aspect ratiob of a fixed
cylinder and found that the first instability involves a sym-
metric mode withm51, 2, or 3 for different values ofb. We
have treated a rotating cylinder with a fixed aspect ratiob
51 and have found that the first instability involves a sym-
metric mode withm51, 2, or 3 for different values of ReV .
Our plots of the magnitudes and phase shifts forv r1 ,vu1 ,vz1

for the critical modes withm51, 2, or 3 closely resemble the
corresponding plots presented by Grants and Gerbeth,14 with
the appropriate axial rescaling. Therefore we conclude that
their explanations of the instability for each azimithal wave
number are equally true for our results.

For crystal-growth applications, a disappointing result is
that there is very little variation of the maximum value ofc0

at the critical magnetic Taylor number for2225<ReV

<1000. We have already noted thatc0 max for ReV52225 is
very close toc0 max for ReV50. For ReV,2170, c0 max is
decreasing as ReV is decreased andTmcr is decreasing rap-
idly. As ReV is increased from zero,c0 max first decreases
from 14.497 to 14.118 at ReV5200 and then increases to
14.750 at the transition from the symmetricm52 mode to
the symmetricm53 mode at ReV5728.46. However, after

this transition,c0 max decreases with increasing ReV , so that
c0 max514.243 at ReV51000. Therefore rotating the cylinder
in the same azimuthal direction as the RMF increasesTmcr ,
but it does not increase the maximum meridional circulation
before transition to a periodic, nonaxisymmetic flow. The
increase ofvu0 everywhere as ReV is increased leads to a
nearly constant meridional circulation in spite of the increase
of Tmcr .

IV. CONCLUSIONS

Rotating the ampoule or crucible during crystal growth
with a RMF does not lead to an increase in the beneficial
stirring before the undesirable transition to periodic, nonaxi-
symmetric flow. Rotation of the container in the azimuthal
direction opposite to that of the RMF is definitely destabiliz-
ing. Rotation in the same direction increases the critical
value of the magnetic Taylor number, but not the base-flow
meridional circulation at the critical point.
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