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This paper treats the first hydrodynamic instability for a uniform-density, electrically conducting
liquid in a finite-length cylinder which is rotating about its centerline. There is a uniform, transverse
magnetic field which rotates about the cylinder’'s centerline and which produces a steady,
axisymmetric, azimuthal body force on the liquid. For the initial transition from a steady,
axisymmetric flow to a periodic, nonaxisymmetric flow, results for the critical value of the magnetic
Taylor number and for the frequency of the critical disturbance are presented as functions of the
Reynolds number for the cylinder rotation. Rotations of the cylinder and of the magnetic field in the
same azimuthal direction and in opposite directions are considere2l00@ American Institute of
Physics. [DOI: 10.1063/1.1737740

I. INTRODUCTION symmetric flow/ 12 For a cylinder with a height to diameter
ratiob=1, these studies predicted critical values of the mag-
A rotating magnetic fieldRMF) can be used to stir an netic Taylor numberT m,,, ranging from 54 000 to 280 000.
electrically conducting liquid. A RMF is produced by con- Thijs extreme disparity between the predictions of nominally
necting the successive phases of a multiphase ac powgguivalent numerical solutions was resolved by the linear
source to a series of inductors at equally spaced azimuthgtab”ity analysis presented by Grants and Gerbthike
positions around an gxis. A RMF has a spatially constanty,q previous models, Grants and Gerb&inly considered
transverse pattern which rotates with a constant angular Veyyisymmetric perturbations to the steady, axisymmetric base
Io_C|ty w_around its axis. For an electrlcally conducting liquid flow driven by a RMF in a finite-length cylinder. They dem-
with azimuthal symmetry around the axis of the RMF, the ,qi-ated that extremely fine spatial resolution is required in

p(_anodlc axial electric currents mc_juced by the RMF INteract, yer to obtain the correct result. They showed that there are
with the RMF to produce an azimuthal body force on the

S Lo ) : three perturbation patterns which initially grow rapidly, but
l'q.u'd in the .d|rect|on of the .RMF rptapon. This body forqe which ultimately decay, albeit very slowly. They also showed
drives an azimuthal velocity in the liquid, and the axial varia- ; . . .

. . . . .. that small spatial truncation errors numerically amplify these
tion of the centrifugal force due to this azimuthal velocity

drives a meridional circulation with radial and axial veloci- perturbations enough to mask thglr true slow decay. thr
ties =1, the correciT m, for the transition from the steady, axi-

The application of a RMF during the continuous Castingsymmetnc base flow to a periodic axisymmetric flow is

3 .
of steel or aluminum can produce more homogeneous cas 63610 Grants and Gerbethrecently presented a linear

ings with better metallurgical propertiéShe metallurgical stability analysi; With thregjdimensional perturbations. They
applications motivated the first models of the flow driven byfoimd that the first 'nStfb'“ty oceurs dtm,=123 200 for
a RMF2~4 A RMF was first applied during the growth of a P~ 1 and involves am=2 mode, wherem is the integer

single crystal from a body of molten semiconductor in 1958, azimutha! wave number. _ . _
but major interest in the application of a RMF during semi- A Periodic, nonaxisymmetric flow during semiconductor

conductor crystal growth did not begin until the 1990s. DoldCrystal growth produces several undesirable characteristics in
and Ben$ recently reviewed the experimental studies ofthe crystal, so that a RMF should only be used witm
semiconductor crystal growth with a RMF. Experiments have< T M. The meridional circulation produced by a RMF is
shown that the application of a RMF generally leads to delatively small forTm<Tm,, thus limiting the benefits
better crystal, as long as the flow driven by the RMF isfrom its stirring. It would be beneficial if the RMF-driven
steady and axisymmetric. Unfortunately an instability in theflow could be stabilized, leading to a larger meridional cir-
RMF-driven flow involves a transition to a periodic, nonaxi- culation before the instability of the steady, axisymmetric
symmetric flow, and such a flow produces several undesibase flow. The addition of a rigid-body rotation stabilizes
able properties in the crystal. many flows, such as Rayleigh~i&d convectiort® For the
The first attempts to model the instability of the flow in current problem of flow in a finite-length cylinder with a
a finite-length cylinder with a RMF involved the time- RMF, a rigid-body rotation can be added by rotating the
integration of the Navier—Stokes equations for unsteady, axieylinder about its centerline. This situation differs from prob-
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lems such as the Rayleigh-B&rd instability because here consequence, the periodic electric currents in the liquid and
we are adding a rigid-body rotation to a flow which is al- the EM body force due to the RMF are decoupled from the
ready dominated by the azimuthal velocity. This paper repflow. Therefore this is not a magnetohydrodynamic flow with
resents an extension of the linear stability analysis presentezh intrinsic coupling between the EM variables and the ve-
by Grants and Gerbethsince they considered a fixed cylin- locity. Instead it is an ordinary hydrodynamic flow with a
der and we consider a cylinder which is rotating either in theknown, steady, axisymmetric, azimuthal body force.

same direction as the RMF or in the opposite direction. We use cylindrical coordinates (#,z) with the z axis
along the cylinder’s centerline, which is also the axis of ro-
Il. PROBLEM FORMULATION tation of the RMF. We normalize andz with R, so that the

inside surfaces of the cylinder lie a1 and az= *+b. The
In addition to the primary periodic magnetic field pro- dimensionless governing equations are
duced by the inductors at equally spaced azimuthal positions

around the liquid-filled cylinder, there is a secondary mag- —V+(V-V)v= —Vp+Tmf,d+ Vv, (2a)
netic field which is produced by the periodic electric currents 9t
in the liquid and which partially cancels the primary mag- Vev=0 (2b)

netic field in the interior of the liquid. The significance of the

secondary magnetic field depends on the value of the shieldvheret, v, andp are time, velocity, and pressure, normal-
ing parameterR, = uowR?2, where u and o are the mag- ized byR* v, v/R, andpv?/R?, respectively, whilef o(r,2)
netic permeability and electrical conductivity of the liquid, is the dimensionless body force due to the RMF &gl 2z
while R is the inside radius of the cylinder. In order to com- are unit vectors. For metallurgical applications, the solids at
pute typical values of all dimensionless parameters, we use=*b are electrically conducting, so thdt,=r.>* For

the properties of molten silicdh with R=1cm and w crystal-growth applications, the solids &t =b have elec-
=1007 rad/s (50 H2). Our typical value forR, is 0.04, trical conductivities which are much smaller thanso that

WhICh is _defllr;ltely so small that the secondary magnetic field w 3,00y )coshiny2)
is negligible: f =r—22 3
The RMFs for all crystal-growth experiments have in- / N=1 (N3—1)J1(An)coshinyb)

volved uniform transverse magnetic fields. The electromag- . : ) .
netic (EM) body force produced by the RMF and the peri-\évrgirre ‘\J/Ch:lse ;he ;:Stsk? el frl:)r;(tzélogmog t?f ;IY_SB T:d) 3%(112
odic electric currents in the liquid consists ¢f) a steady, ’ N - NYOVANZ RN 7 5

. ; . o The boundary conditions are
axisymmetric, azimuthal body force, af@) a periodic, non-

axisymmetric body force with a frequency of2If the fre- v=Re, 0, atr=1, (49
guency of the RMF is very low, e.g., 0.01 Hz, then the liquid R
responds to the periodic, nonaxisymmetric part of the EM v=Reyré, atz==b, (4b)

body force, so that the flow is periodic and nonaxisymmetriq ;..o Re=0R% is the Reynolds number for the cylinder
for every value of the magnetic Taylor numb&or mod- rotation with angular velocity). Positive and negative val-

erate frequer_wcies, inertia limits the response to the periodigag of Re correspond to cylinder rotation in the same azi-
body force with frequencyd, so that the flow driven by the o direction as the RMF and in the opposite direction,
periodic, nonaxisymmetric part of the EM body force is NeY-respectively.

ligible compared to the flow driven by the steady, axisym- For each of the variables ,v5,0,, p, We introduce the
metric part. The key parameters are the interaction parameter, -
N and the magnetic Taylor numb&m,

B? v =0,o(r,2) +e Realv,¢(r,z)exp\t—imo)]. 5)
g
= p—w, (18  The subscript 0 denotes the variables for the steady, axisym-
metric base flow, the subscript 1 denotes the complex modal
ocwB?R* functions, such a®,,=v,1g+iv,y, for the small,O(e)
Tm= W (1b) perturbation in the linear stability analysis=Ag+i\, is

the complex eigenvalue, amd is the real, integer azimuthal
wherep and v are the density and kinematic viscosity of the wave number.

liquid, while B is the magnetic flux density of the RMF. For For the base flow, we introduce the stream function
our typical example with siliconT m=123 200 corresponds (r,z) for the meridional circulation, where

to B=3.9 mT, which giveN=0.000019 1. The ratio of the

maximum velocity driven by the periodic, nonaxisymmetric vrozl ‘9_'/"” (63)
part of the EM body force to its steady, axisymmetric coun- r oJz

terpart is at most 082 for Tm around 18, so that this 1 9y

ratio is at most 0.0013 for our typical exampfeThus we V= — = —2. (6b)

need only consider the steady, axisymmetric part of the EM ror

body force produced by the RMF. In addition, the ratio of theWe cross-differentiate the and z components of the mo-
maximum liquid velocity towR is 2.9NY?=0.011, so that mentum equatiof2a) for the steady, axisymmetric base flow
the liquid velocity can be neglected in Ohm's L&WAs a  in order to eliminatep,. Sincey, andv 4, are odd and even
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functions ofz, respectively, we need only treatr<b. We  powersr(M~1) p(M+1) - p(m+3) ((M+5) = Thelinear equa-
representy, and vy by sums of products of Chebyshev tions and boundary conditions are applied at the Gauss—
polynomials inr andz. In z, we use the polynomials with Lobatto collocation points, with the-derivative of each odd
the correct symmetry. Im, we insure that each representa- equation applied a=0 and with the first term in the Taylor
tion has the correct Taylor seriesrinnamely only odd pow- series for each equation appliedrat0. The eigenvalues and
ers ofr for v, and only even powers of, starting withr?, eigenvectors are obtained with two different methddgsthe
for . We apply the governing equations and boundary conshifted inverse iteration meth&tand (2) the rgg subroutine
ditions at the Gauss—Lobatto collocation points, including in the EISPAK library of eigenvalue subroutines. Inverse it-
=0 andz=0. For an equation or boundary condition which eration is a very computationally efficient method to find the
is odd in z, we apply its derivative at=0. For example, the eigenvalue closest to a specified point in the complex
boundary conditionyy(1,2)=0 is applied at the Gauss— plane. Execution times for rgg are much longer than those
Lobatto collocation pointsz,=cosKn/2NZ) for K=1 to  for inverse iteration, but rgg gives all the eigenvalues. For
(NZ—-1). Sincey, is an odd function of, it is automati- the many runs needed to find individual points on the neutral
cally zero atz=0. Therefore we apply the additional bound- stability curve, we primarily use inverse iteration, but we
ary conditiondyy/9z=0 atr=1 andz=0. On the other periodically repeat some calculations with rgg in order to
hand,v 4(1,2) =0 is applied at every collocation point, in- insure that we are in fact focused on the critical mode. The
cludingz=0, butdv 4/9z is automatically zero at=1 and  rgg subroutine is particularly important near the transitions
z=0, by symmetry. Therefore each equation or boundarpetween azimuthal modes because it identifies the critical
condition and its first derivative with respect toare both  eigenvalue for the new value af.
equal to zero az=0. Since we want each equation or bound-  For specific values fob,Re, and Tm, we first use the
ary condition to be as close to zero as possible between coNewton—Raphson iteration to find the steady, axisymmetric
location points, applying the derivative atz=0 helps be- base flow, and then we use the inverse iteration method and
cause the largest gap between collocation points is adjacergg to find a number of eigenvalues for each of the symmet-
to z=0. For each equation or boundary condition, we intro-ric and antisymmetric modes fan=0,1,2,3,4,... . For spe-
duce Taylor series in, divide by the smallest power ofand  cific values ofb and Rg,, we increaseél m until one eigen-
take the limit asr—0. We solve the nonlinear, algebraic value for one mode hasr=0, while all other eigenvalues
equations for the coefficients in the Chebyshev polynomiafor this mode and for all other modes havg<<0. This de-
representations using a Newton—Raphson iteration. fines the critical value of the magnetic Taylor numBben,,,
Since the base flow is symmetricinwe need only treat the dimensionless frequenay, the azimuthal wave number
0=<z=b for the linear perturbation variables, as long as wem and the symmetry irz for the first instability for these
consider both symmetric and antisymmetric modes. A symvalues ofb and Rg,.
metric mode has the same symmetry as the base flow, so that
Ur1:U g1, andp, are even functiong o, while v,, is an odd Il RESULTS
function of z. For an antisymmetric mode,,v 1, andp,
are odd functions of, while v,; is an even function of. Grants and Gerbethconsidered the variations @fmy,
Different formulations are required for axisymmetric pertur-and\, as functions of the aspect ratiofor a fixed cylinder
bations withm=0 and nonaxisymmetric perturbations with with Re,=0. We consider the variations dfm,, and\, as
m= 1. Therefore we must treat four cases: symmetric or anfunctions of Re for a single aspect ratib=1. Grid refine-
tisymmetric modes withm=0 or m=1. For axisymmetric ment studies indicated that 31 collocation points %0
modes withm=0, we introduce a perturbation stream func- <1 and 47 collocation points in€9z<1 give accurate re-
tion ¢4(r,z), which is related t@,, andv,; by Egs.(6) with  sults for all of the cases considered here. Berl and
the subscript 0 replaced by the subscript 1. We elimipate Re,=0, Grants and Gerbelthfound that the first instability
by the same cross-differentiation, so that we have a fourthinvolves a symmetrian=2 mode withTm,=123200 and
order equation governing; and a second-order equation \;=160.42, while we found the same mode wilm,,
governingu 4, . For a nonaxisymmetric mode with=1, we  =123168 and\,=160.422. Our calculations with several
eliminatev 4, with the continuity equatio2b) and we elimi-  different grids indicate that the error im,, is less than 1%
nate p; with the § component of the momentum equation for 0=<Re,=<1000 with 31 radial and 49 axial collocation
(2a). Each of these steps involves division by Thus we points. However, as Rgis decreased from zero, the numeri-
have two four-order equations governing, andv,;. The  cal error for a fixed grid increases, apparently because the
pair of equations governing,; andv,; represent a well- radial and axial gradients afyy nearr=z=1 increase dra-
posed eigenvalue problem wiffh) two boundary conditions matically. For Rg=-225, our calculations with several
onv,, and one boundary condition an,, atr=1 and(2) grids indicate that the error iim,, is 2—3%. Clearly more
one boundary condition om,4 and two boundary conditions collocations points would be needed forfRe—225, but we
on v, atz=1. The extra boundary conditions come from did not pursue this because negative values of, Ree
v 91=0 which givesdv,,/dr=0 atr=1 anddv,/dz=0 at  clearly undesirable for crystal-growth applications. For all
z=1. Each perturbation variable is represented as a surtihe cases considered here for1, the first instability in-
of products of Chebyshev polynomials with the correct sym-volves a symmetric mode witm=1, 2, or 3.
metry in z and with the correct Taylor series in For ex- The values off m, for —225<Re,; <1000 are presented
ample, form=1, the Taylor series fov,, includes only the in Fig. 1. As Rg, is increased from zerd, m, for the sym-
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FIG. 1. Critical value of the magnetic Taylor number as a function of theFIG. 2. Radial base-flow velocity vg at r=0.9 for Rg,=0 and Rg
Reynolds number for the cylinder rotation. =-225.

metricm=2 mode first decreases from 123 168 to 121 686 aflow with the RMF and cylinder rotating in opposite azi-
Re,=80 and then begins to increase. AtJR€728.46 and muthal directions and?) the flow in a cylinder with its pla-
Tm,=172319, there is a switch from the symmetnic=2 nar top and bottom boundaries rotating in opposite azimuthal
mode to the symmetriecn=3 mode. At Rg=1000, Tm,,  directions. Gelfgatet al?! treated the transition from a
=179610. We have not gone beyond JRel000 because steady, axisymmetric base flow to a periodic, axisymmetric
this corresponds to 26.4 rpm for our typical silicon example flow for a cylinder with counter-rotating top and bottom.
and crystal-growth systems are seldom rotated faster than ZEhey presented the critical value of the Reynolds number
rpm. Clearly rotating the cylinder in the direction of the based on the larger angular velocity,;Reas a function of
RMF can significantly increase the valueTfn,. As Re,is  the ratio¢ of the smaller angular velocity to the larger one.
decreased from zero, there is an increaseT of,, for the  For £=0, v=0 everywhere in the cylinder. A§ is de-
symmetricm=2 mode until the switch to the symmetnic  creased from zero, a region with,<O begins to develop
=1 mode at Rg=—40 andTm,=125172. For the sym- near the end counter-rotating with the smaller angular veloc-
metric m=1 mode, Tm.= 127400 for Rg=0 andb=1* ity. As ¢ is decreased from zero, Gelfget al?! found that
As Reg, is decreased from-40, there is a small increase in Re, first increases and then remains relatively constant until
Tm,, near Rg=—165 and theM m., begins to decrease rap- it decreases very rapidly from 2900 to 2000 néar—0.63.
idly. This rapid decrease of m;, is apparently associated The analogy between the present problem and the problem
with the development of a region withyo<O nearz=1.As treated by Gelfgaet al?! is only qualitative for many rea-
z is increased, the centrifugal force associated wigh de-  sons, but there appears to be a similarity between the rapid
creases to zero along some surface below the top boundadgcrease off m., for Rep<<—170 in our problem and the
and then increases again near the top. For much largeapid decrease of Renearé=—0.63 in their problem. Both
negative values of Rg this increasing centrifugal force rapid changes in stability appear to be related to the devel-
nearz=1 drives radially outward flow near=1, but for = opment of a region withy jo<O which is large enough to
Re,=—225, its effect is simply to push the radially inward significantly alter the characteristics of the meridional part of
flow away fromz=1. This is illustrated by the plots af,,  the base flow.
vs z at r=0.9 for the critical modes for Rg=0 and for A critical perturbation form=1 has a constant spatial
Re,=—225in Fig. 2. The maximum values ¢f, are 14.497 pattern which rotates in the # direction with a dimension-
and 14.492 for Rg=0 and Rg=—225, respectively, so that less angular velocity given hy, /m. The values ok, /m for
the magnitudes of the base-flow meridional circulations areach critical mode for- 225<Re,<1000 are plotted in Fig.
almost equal, but at=0.9, v,<0 for 0.96sz<1 and 3. As noted by Grants and Gerbéftthem= 1 mode propa-
for Rep=—225, and this local centrifugal force pushes thegates in the- 6 direction. It is interesting that adding cylin-
inward part of the meridional circulation away from the der rotation in the- @ direction, which decreases the values
top boundary. While the boundary layer is thicker foroRe of v,y everywhere, reduces the magnitude of the negative
=—225, the local Reynolds number based on the minimunangular velocity for then=1 mode. At the transition from
value ofv,q and the distance of that minimum froe+1 is  the m=2 symmetric mode to then=3 symmetric mode,
nearly the same for Rge=0 and Rg=—225. N, /m jumps from 431.78 to 807.51. For all three modes, the
There is a qualitative similarity betwedf) the present critical perturbation is rotating with an angular velocity
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Yo max=14.243 at Rg=1000. Therefore rotating the cylinder
in the same azimuthal direction as the RMF increases,,

but it does not increase the maximum meridional circulation
before transition to a periodic, nonaxisymmetic flow. The
increase ofv,y everywhere as Rgis increased leads to a

000 T this transition,iy mayx decreases with increasing fjreso that

-+

500+ nearly constant meridional circulation in spite of the increase
4 of Tm,.
€ 1 me2 IV. CONCLUSIONS
<<H T Rotating the ampoule or crucible during crystal growth

ot with a RMF does not lead to an increase in the beneficial
stirring before the undesirable transition to periodic, nonaxi-
symmetric flow. Rotation of the container in the azimuthal
direction opposite to that of the RMF is definitely destabiliz-
ing. Rotation in the same direction increases the critical
T value of the magnetic Taylor number, but not the base-flow

-500 1 meridional circulation at the critical point.
m=|
e
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