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Abstract

This paper presents a linear stability analysis for the thermocapillary convection in the floating zone process with a

rotating magnetic field (RMF). For every case with a RMF, there is a transition from a steady, axisymmetric flow to a

periodic, nonaxisymmetric flow at a critical value of Re; the Reynolds number for the thermocapillary convection. As
Tm; the magnetic Taylor number for the RMF, is increased from zero, the critical value of Re first decreases to a

minimum and then increases as the azimuthal flow velocity becomes strong enough to damp the radial and axial flow

velocities. Critical modes for some values of Tm involve azimuthal wave velocities which are greater than the maximum

azimuthal flow velocity, while critical modes for other values of Tm could be nonaxisymmetric patterns which are

convected by the azimuthal flow velocity. Results are presented for three values of the Prandtl number.
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1. Introduction

For several bulk-growth processes, the quality
of semiconductor crystals is improved by the
application of a rotating magnetic field (RMF)
to the melt during growth. An RMF is produced
by connecting a multiphase AC power source to
inductors at equally spaced azimuthal positions
around an axisymmetric melt zone. For most

crystal growth processes, the RMF is a spatially
uniform transverse magnetic field, which rotates at
a constant angular velocity o around the vertical
centerline of the melt. For the magnetic field
strengths and frequencies used in practice, the
RMF produces a steady, axisymmetric, azimuthal
body force on the melt. This body force drives an
azimuthal melt velocity vy which may stabilize the
natural convection through the Taylor-column
effect. In addition the axial variation of the
centrifugal force due to vy drives a meridional
melt flow with radial and axial melt velocities vr; vz

and this forced meridional circulation can lead to a
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more planar crystal–melt interface and to more
uniform axial and radial dopant distributions in
the crystals. Dold and Benz [1] recently presented
an excellent review of the pre-1999 research on
RMFs in crystal growth processes.
In the floating zone (FZ) process with optical

heating, a short, nearly cylindrical melt zone is
held by surface tension between the melting
bottom of a cylindrical feed rod and the solidify-
ing top of a coaxial, cylindrical single crystal.
Two advantages of the FZ process are the
absence of contamination from a crucible and
the absence of defects due to the contact forces
between the crystal and an ampoule. Since the
surface tension of most molten semiconductors
decreases as the temperature is increased, the melt
motion in the FZ process includes a thermocapil-
lary convection with axial free-surface flows from
the hottest circumference toward the peripheries
of the feed rod and crystal, and with the
circulations completed by axial flows toward the
middle plane in the interior of the melt. Unfortu-
nately, the thermocapillary convection has a
hydrodynamic instability for a free-surface tem-
perature difference which is one or two orders of
magnitude smaller than the temperature difference
required for crystal growth. This instability leads
to an unsteady, nonaxisymmetric melt motion,
which produces undesirable striations in the
crystal.
Recently, Dold et al. [2] used the FZ process

with an RMF to grow silicon crystals with
diameters of 8–14mm. As the strength of the
50Hz RMF was increased from zero to 7.5mT,
the difference between the maximum and mini-
mum dopant concentrations in the striations and
the average distance between adjacent dopant
maxima both decreased dramatically. Both im-
provements are due to the increase in frequency of
the unsteady melt motion. For the stronger RMFs,
the frequency of the unsteady melt motion, which
was inferred from the striation spacing and the
growth rate, appeared to correlate with the
frequency of the azimuthal circulation driven by
the RMF. While the RMF did not eliminate the
thermocapillary instability, it greatly reduced its
deleterious effects. Both experimental measure-
ments and numerical predictions indicated that the

deviation from axisymmetry in the melt motion
was reduced by the RMF, but that a nonaxisym-
metric, periodic melt motion persisted. Dold et al.
[2] indicated that this residual deviation from
axisymmetry may have occurred because the
thermocapillary convection was still unstable in
spite of the RMF or may have occurred because
the centerlines of the melt and magnet were not
perfectly aligned. The results presented here show
that the values of Re; the Reynolds number for the
thermocapillary convection, in their experiments
was still far above the critical value of Re for
transition from steady, axisymmetric flow to
unsteady, nonaxisymmetric flow. Therefore the
RMF in their experiments did not eliminate the
thermocapillary instability.
This paper presents a linear stability analysis for

the thermocapillary convection in a melt zone with
a cylindrical free surface and with the same
solidification temperature at the two planar
liquid–solid interfaces. There is an axisymmetric
heat flux into the free surface which varies
parabolically from a maximum qmax at the plane
midway between the liquid–solid interfaces to zero
at the peripheries of these interfaces. We neglect
the sagging of the free surface and the buoyant
convection, which are both associated with grav-
ity. Many researchers have treated the thermo-
capillary instability in the half-zone problem
without an RMF [3–9]. The half-zone problem
has the same geometry, but there is no heat flux
into the free surface, and the liquid–solid interfaces
are at different temperatures. The half-zone
problem is supposed to model half the melt zone
of the actual FZ process, and the hotter liquid–
solid interface is supposed to represent the middle
plane of the actual FZ process. The previous
results for the half-zone problem without an RMF
provide comparisons which aid the physical
interpretation of our results. In addition we
modified our numerical model to match the
boundary conditions of the half-zone problem in
order to validate our numerical accuracy. For
example, for an axial half-zone length equal to its
radius and for a Prandtl number Pr ¼ 0:02; our
code gives a critical value of Re ¼ 2059; while
Chen et al. [8] obtained a value of 2054 and
Wanshura et al. [5] obtained a value of 2062.
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For the present problem with the same tem-
perature at the two liquid–solid interfaces and with
a heat flux into the free surface, Kasperski et al.
[10] treated the transition from a steady, axisym-
metric flow to a periodic, axisymmetric flow
without an RMF. However, the critical value of
Re for this transition to a periodic, axisymmetric
flow is far above that for the transition to a steady,
nonaxisymmetric flow without an RMF.
This paper only treats the first instability

involving a transition from a steady axisymmetric
flow to a periodic nonaxisymmetric flow. Without
an RMF, there is a series of instabilities. The first
instability involves transition from a steady
axisymmetric flow to a steady nonaxisymmetric
flow. The second instability involves transition
from the steady nonaxisymmetric flow to a
periodic nonaxisymmetric flow. Additional in-
stabilities eventually lead to turbulent flow. With
any RMF, the first instability leads to a periodic
nonaxisymmetric flow. There are certainly other
instabilities at higher values of Re; but the nature
of these instabilities is clearly different from those
without an RMF.

2. Problem formulation

For the RMF strengths and frequencies used in
the experiments of Dold et al. [2] and in virtually
all crystal growth processes with RMF’s, the
effects of the melt motion on the magnetic field
and electric current are negligible. The frequencies
and magnetic flux densities for which the RMF
body force is independent of the melt motion and
is steady, axisymmetric and purely azimuthal are
defined by Martin Witkowski et al. [11]. Therefore
this is an ordinary hydrodynamic flow with a
known, steady, axisymmetric, azimuthal body
force due to the RMF, rather than a magnetohy-
drodynamic flow with an intrinsic coupling be-
tween the hydrodynamic and electromagnetic
variables.
We assume that all the thermophysical proper-

ties of the melt are uniform and constant, except
the surface tension, which decreases linearly with
increasing temperature. We use cylindrical coordi-
nates ðr; y; zÞ with the z-axis along the centerline of

the cylindrical melt zone, with the origin at the
center of the melt, and with the unit vectors
ð#r; #y; #zÞ: We normalize r and z with R; the radius of
the melt zone, and we assume that the axial
distance between the two liquid–solid interfaces is
2R; because the melt zone in the actual FZ process
does not deviate much from this aspect ratio.
The dimensionless governing equations are

qv
qt

þ ðv�rÞv ¼ �rp þ Tmfy #yþr2v; ð1aÞ

r�v ¼ 0; ð1bÞ

qT

qt
þ v�rT ¼ Pr�1r2T : ð1cÞ

The dimensionless variables t; v; p and T are
time, the melt velocity, the melt pressure and the
deviation of the melt temperature from the
solidification temperature, each normalized by
R2=n; n=R; rn2=R2 and ðDTÞc; respectively. The
dimensionless parameters here are the magnetic
Taylor number Tm ¼ soB2R4=2rn2; and the
Prandtl number, Pr ¼ n=k; where n; r;s and k
are the kinematic viscosity, density, electrical
conductivity and thermal diffusivity of the melt,
while ðDTÞc is a characteristic temperature differ-
ence, and B is the magnetic flux density of the
RMF. Assuming that the electric currents flowing
through the crystal and feed rod are negligible, the
dimensionless azimuthal body force due to the
RMF [11] is

fy ¼ r � 2
XN
N¼1

J1ðlNrÞcos hðlNzÞ

ðl2N � 1ÞJ1ðlN Þcos hðlN Þ
; ð2Þ

where Jk is the Bessel function of the first kind and
kth order, while lN are the roots of lNJ0ðlN Þ �
J1ðlN Þ ¼ 0:
We use ðDTÞc ¼ Rqmax=k for the characteristic

temperature difference, where k is the thermal
conductivity of the melt. Therefore the boundary
conditions at r ¼ 1 are

vr ¼ 0;
qvy

qr
� vy þ Re

qT

qy
¼ 0; ð3a;bÞ

qvz

qr
þ Re

qT

qz
¼ 0;

qT

qr
¼ 1� z2; ð3c;dÞ

where the Reynolds number, Re ¼
ð�dg=dTÞðDTÞcR=rn2; and dg=dT is the constant,
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negative derivative of the surface tension with
respect to temperature. The boundary conditions
at z ¼ 71 are v ¼ T ¼ 0:
For each variable vr; vy; vz; p; and T ; we intro-

duce the form

vr ¼ vr0ðr; zÞ þ eReal ½vr1ðr; zÞexpðlt � im yÞ	: ð4Þ

The subscript 0 denotes the variables for the
steady, axisymmetric base flow, the subscript 1
denotes the complex modal functions, such as
vr1R þ ivr1I ; for the small, OðeÞ perturbation in the
linear stability analysis, l ¼ lR þ ilI is the com-
plex eigenvalue, and m is the real, integer
azimuthal wave number.
For the base flow, we introduce the stream

function c0ðr; zÞ; where

vr0 ¼
1

r

qc0

qz
; vz0 ¼ �

1

r

qc0

qr
: ð5a; bÞ

We eliminate p0 by cross-differentiating the r

and z components of the momentum Eq. (1a) for
the steady, axisymmetric base flow. Since vy0 and
T0 are even functions of z; while c0 is an odd
function of z; we need only treat 0ozo1 for the
base flow with symmetry conditions at z ¼ 0: We
represent each base-flow variable by a sum of
Chebyshev polynomials in r and z; and we insure
that the representation for each variable has the
correct Taylor series in r; e.g., the Taylor series of
c0 has only even powers of r; beginning with r2:
We apply the governing equations and boundary
conditions at the Gauss–Lobatto collocation
points. We solve the nonlinear, algebraic equations
for the coefficients in the Chebyshev-polynomial
representations using the Newton–Raphson
method.
Since the base flow is symmetric in z; we need

only treat 0ozo1 for the small perturbations as
long as we consider both symmetric and antisym-
metric modes. For a symmetric mode, vr1; vy1; p1
and T1 are even functions of z; while vz1 is an odd
function of z; thus matching the symmetry of the
base flow. For an antisymmetric mode, vr1; vy1; p1
and T1 are odd functions of z; while vz1 is an even
function of z: The small-perturbation boundary
value problem for m ¼ 0 is different and simpler
compared to that for mX1; so that we treat four
perturbation cases: namely symmetric and anti-

symmetric modes with m ¼ 0 and mX1: We
represent each perturbation variable as a sum of
Chebyshev polynomials in r and z; and again we
insure that each representation has the correct
Taylor series expansion, e.g., the Taylor series for
vr1 for mX1 has the powers rðm�1Þ; rðmþ1Þ; rðmþ3Þ;y
The linear perturbation equations and boundary
conditions are applied at the Gauss–Lobatto
collocation points to obtain a linear, matrix
eigenvalue problem. The eigenvalues are obtained
with subroutines from the EISPACK library of
FORTRAN codes [12].
For each set of values for Pr; Tm and Re; we

first used the Newton–Raphson iteration to find
the steady, axisymmetric base flow, and then we
used the EISPACK subroutines to find the
eigenvalues for the symmetric and antisymmetric
perturbation modes for m ¼ 0–4. For each set of
values for Pr and Tm; we increased Re until one
eigenvalue for one mode had lR ¼ 0; while all the
other eigenvalues for this mode and for all the
other modes had lRo0: We normalized the
complex modal functions for the critical mode by
setting the first coefficient in the Chebyshev-
polynomial representation for vr1 equal to one.
This normalization scales the modal functions and
eliminates the arbitrary rotation in y:

3. Results

We present results for Pr ¼ 0:001; 0.02 and 0.04
and for Tm ¼ 0–8000. For every case considered
here, the first perturbation to become unstable is
an antisymmetric mode with m ¼ 1 or 2. The
critical values of the Reynolds number, Recr; for
all three values of Pr are presented in Fig. 1a for
0oTmo1400 and in Fig. 1b for 1000oTmo8000:
For Tm ¼ 0; m ¼ 2 and lI ¼ 0 for the critical
mode, while Recr ¼ 1205; 1548 and 2440 for Pr ¼
0:001; 0.02 and 0.04, respectively. For the half-
zone problem, Chen et al. [8] obtained Recr ¼
1793; 2054 and 2704 for Pr ¼ 0:001; 0.02 and 0.04,
respectively, also for m ¼ 2 and lI ¼ 0: The half-
zone problem corresponds to our problem for
0ozo1 with a rigid wall with T ¼ 1 at z ¼ 0 and
with qT=qr ¼ 0 at r ¼ 1: The first reason that Recr
for the half-zone problem is higher than that for
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the present FZ problem is that the perturbation
in the half-zone problem with vz1 ¼ 0 at
z ¼ 0 corresponds roughly to a symmetric mode
in our problem, and our results show that the

antisymmetric mode with m ¼ 2 becomes unstable
at a lower value of Re than any symmetric mode.
However, the Recr for the symmetric mode with
m ¼ 2 is less than 100 more that the Recr for the
antisymmetric mode with m ¼ 2 for Tm ¼ 0 and
for all three values of Pr: Therefore this first
reason only explains part of the difference. A
second difference is that our Re is based on qmax;
while the half-zone Re is based on the free-surface
temperature difference. We can correct for this
difference by multiplying each of our values of
Recr times the maximum dimensionless tempera-
ture in the base flow, which always occurs at r ¼ 1
and z ¼ 0: This correction gives RecrT0max ¼ 1279;
1549 and 2147 for Pr ¼ 0:001; 0.02 and 0.04,
respectively. This correction increases the differ-
ence from the half-zone results of Chen et al. [8]
for Pr ¼ 0:04: A third reason for the differences is
that the half-zone problem has a rigid wall with a
no-slip condition at z ¼ 0; while the symmetric
modes for the FZ problem have a traction-free
condition at z ¼ 0; so that there is more stabilizing
viscous dissipation in the half-zone problem. A
fourth reason for the differences is that, for the
same free-surface temperature difference, the half-
zone problem has a nearly uniform value of
qT0=qz over the free surface for these small values
of Pr; while the FZ problem involves a decrease of
qT0=qz from zero at z ¼ 0 to roughly double that
in the half-zone problem at z ¼ 1: The larger
maximum free-surface temperature gradient ap-
pears to lead to instability at a lower value of Recr:
As Tm is increased from zero, Recr increases

slightly until there is a switch from the m ¼ 2
antisymmetric mode to the m ¼ 1 antisymmetric
mode. This switch occurs at Tm ¼ 147; Recr ¼
1234 for Pr ¼ 0:001; at Tm ¼ 131; Recr ¼ 1580 for
Pr ¼ 0:02; and at Tm ¼ 95; Recr ¼ 2482 for Pr ¼
0:04: As Tm is increased from this switch to the
m ¼ 1 mode, Recr decreases to a minimum of 918
at Tm ¼ 959 for Pr ¼ 0:001; to a minimum of 1038
at Tm ¼ 1012 for Pr ¼ 0:02; and to a minimum of
1241 at Tm ¼ 1128 for Pr ¼ 0:04: As Tm is
increased from this minimum, Recr increases
monotonically, as shown in Fig. 1b. There is
switch back from the m ¼ 1 antisymmetric mode
to the m ¼ 2 antisymmetric mode at Tm ¼ 5261;
Recr ¼ 2811 for Pr ¼ 0:001 and at Tm ¼ 5620;

Fig. 1. Recr versus Tm for Pr ¼ 0:001; 0.02 and 0.04:

(a) 0oTmo1400; (b) 1000oTmo8000:
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Recr ¼ 3429 for Pr ¼ 0:02: For Pr ¼ 0:04; it
appears that this modal switch occurs close to
Tm ¼ 8000:
The critical perturbation involves a spatially

fixed pattern which rotates in the y direction with
the angular phase velocity ðlI=mÞ: This disturbance
rotation may represent merely convection with
some mean base-flow angular velocity or it may
represent wave propagation relative to the base-
flow azimuthal motion, either in the same azi-
muthal direction or in the opposite direction. The
angular phase velocity ðlI=mÞ for the critical mode
and the maximum base-flow angular velocity
ðvy0=rÞmax are plotted in Fig. 2a for Pr ¼ 0:02 and
0oTmo600: The corresponding plots for Pr ¼
0:001 and 0.04 are very similar. For the m ¼ 2
mode, which is the first instability for
0oTmo131; the angular phase velocity is slightly
more than half the maximum base-flow angular
velocity. For Tm ¼ 0; the critical instability
involves an m ¼ 2 pattern which does not rotate,
i.e., lI ¼ 0 [8], and we conclude that for Tmo131;
the instability involves essentially the same pattern
being convected with some average of the base-
flow angular velocity. For the m ¼ 1 mode for
Tm > 131; the angular phase velocity is always
larger than the maximum base-flow angular
velocity, so that this mode is definitely propagating
relative to the base-flow angular velocity and in the
same direction. At Tm ¼ 131; the angular phase
velocity for m ¼ 1 is more than twice the
maximum base-flow angular velocity, so that the
instability is racing ahead of the azimuthal base
flow. The difference, ðlI=mÞ � ðvy0=rÞmax; decreases
from 15.0 at Tm ¼ 131 to a minimum of 7.4 near
Tm ¼ 1000 and then increases, asymptoting to
roughly 17.0 for Tm > 3000: Clearly the minimum
of this difference correlates with the minimum of
Recr in Fig. 1a. The values of ðlI=mÞ and ðvy0=rÞmax
for 3000oTmo8000 are presented in Fig. 2b.
Again the m ¼ 1 mode for Tmo5620 is clearly
propagating in the þy direction with a phase
velocity which is larger than the maximum base-
flow angular velocity. For the m ¼ 2 mode for
Tm > 5620; ðlI=mÞ is less than ðvy0=rÞmax: For the
larger values of Tm; part of the melt near the
origin has a rigid-body rotation, as illustrated by
the contours of vy0 for Pr ¼ 0:02; Tm ¼ 8000 and

Recr ¼ 4593 in Fig. 3. This region of rigid-body
rotation in the base flow only emerges for Tm >
1500: The angular velocity for this rigid-body
rotation is plotted as ðvy0=rÞ0 in Fig. 2b. As z is
increased from 0 to 1, the base-flow angular
velocity increases from roughly ðvy0=rÞ0 at z ¼ 0

Fig. 2. The angular phase velocity ðlI=mÞ for the critical mode
and the maximum base-flow angular velocity ðvy0=rÞmax versus
Tm for Pr ¼ 0:02: (a) 0oTmo600; (b) 3000oTmo8000: The
base-flow angular velocity at the origin is also plotted for Tm >
6000:
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to roughly ðvy0=rÞmax near z ¼ 0:75 and then
decreases to zero at z ¼ 1: The relationship
between the curves in Fig. 2b appears to indicate
that the critical m ¼ 2 mode for Tm > 5620 does
not involve any wave propagation and is simply
being convected with some mean base-flow angu-
lar velocity.
For Tm ¼ 0; the critical antisymmetric mode

with m ¼ 2 and lI ¼ 0 involves a stationary
pattern where vz1 at the free surface is positive at
y ¼ 0;p and is negative at y ¼ 7p=2: For z > 0;
the associated convective heat transfer makes the
free-surface T1 positive at y ¼ 0;p and negative at
y ¼ 7p=2: Most of the upward and downward
perturbation flows near the free surface complete
their circuit with appropriate values of vy1 near the
free surface, but part of these upward and down-
ward flows circulate in y=constant planes with
opposite signs for vz1 near r ¼ 0: This perturbation
pattern is very similar to that described by Chen
et al. [8] for the half-zone problem. As Tm is
increased from 0 to the switch from m ¼ 2 to 1;
this pattern is simply convected in the þy direction
with the base-flow angular velocity, and the
angular phase velocity increases nearly linearly
with Tm:

The wave propagation of the m ¼ 1 mode in the
þy direction involves the interaction of the
centrifugal force in the radial momentum equation
and the radial transport of angular momentum in
the azimuthal momentum equation. The key terms
in the perturbation equations are

qvr1

qt
¼
2

r
vy1vy0 þ?; ð6aÞ

qvy1

qt
¼ �

vr1

r

q
qr
ðrvy0Þ þ?; ð6bÞ

where l has been replaced by q=qt for this
discussion. The value of vy0 is positive everywhere
and the value ofqðrvy0Þ=qr has a local maximum
near the global maximum of vy0: For example, for
the values plotted in Fig. 3, the global maximum
value of vy0 occurs at r ¼ 0:65; z ¼ 0:75; and the
nearby local maximum value of qðrvy0Þ=qr occurs
at r ¼ 0:5; z ¼ 0:75: We consider the time history
of vy1 and vr1 at a fixed point in space, beginning
with vy1 > 0 and vr1 ¼ 0: Eq. (6a) indicates that vr1

will increase from zero to positive values, so that
Eq. (6b) indicates that vy1 will decrease from its
initial positive value. After a quarter period, vy1
has decreased to zero and vr1 has increased to its
maximum positive value. Eq. (6b) indicates that
vy1 will now decrease from zero to negative values,
so that Eq. (6a) indicates that vr1 will decrease
from its maximum value. After a half period, vr1

has decreased to zero and vy1 has reached its
minimum negative value. Eq. (6a) indicates that vr1

will now decrease from zero to negative values, so
that Eq. (6b) indicates that vy1 will increase from
its negative value. After three-quarters of a period,
vy1 has increased to zero and vr1 has reached its
minimum negative value. Eq. (6b) indicates that
vy1will now increase from zero to positive values,
so that Eq. (6a) indicates that vr1 will increase from
its negative value. After a full period, vy1 has
increased to its maximum positive value and vr1

has returned to zero. Of course, the other terms in
the perturbation equations will create some phase
shift from this simplified description based only on
the key terms in Eq. (6). For Pr ¼ 0:001; Tm ¼
1000 and Recr ¼ 919; the values of vy1 and vr1 at
r ¼ 0:5; y ¼ 0 and z ¼ 0:6 are plotted as functions
of lIt in Fig. 4. This point in the melt was chosen
because it is midway between the points where vy0

Fig. 3. Contours of vy0 for Pr ¼ 0:02; Tm ¼ 8000 and Recr ¼
4593: vy0=20n, for n ¼ 1–9.
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and qðrvy0Þ=qr have their maxima. The maximum
of vy1 occurs at DðlItÞ ¼ 1:08 before the maximum
of vr1; while this phase shift would be p=2 ¼ 1:57
for our simple model. Eq. (6) would give

lI ¼ 2
vy0

r

� � vy0

r
þ

qvy0

qr

� �� �1=2
: ð7Þ

While this is a simplistic model, Eq. (7) provides
some physical insights into the reason that lI >
ðvy0=rÞmax for the propagating m ¼ 1 mode.
For Tm ¼ 0; vy0=0 and Eq. (6) indicate that the

propagating m ¼ 1 mode does not exist, i.e., its
Recr ¼ N: As Tm is increased from zero and the
RMF produces a small azimuthal base-flow
velocity, the Recr for the propagating m ¼ 1 mode
decreases rapidly from infinity and crosses the Recr
for the convected m ¼ 2 mode at Tm ¼ 95–147 for
our three values of Pr: For Tm ¼ 200–500, the
RMF adds angular momentum to the base flow,
and this angular momentum is convected by the
meridional thermocapillary convection, but the
base-flow centrifugal force is too small to have any
effect on the meridional thermocapillary convec-
tion. For these small values of Tm; vy0max is much
smaller than vr0max; so that vr0qðrvy0Þ=qr is im-
portant in the azimuthal base-flow momentum
equation, but v2y0=r is negligible in the radial

base-flow momentum equation. On the other
hand, these two terms are equally important in
the perturbation momentum equations and are
responsible for the propagating m ¼ 1 instability
because vy1 and vr1 are comparable in magnitude,
as shown in Fig. 4. The addition of a small
azimuthal velocity to a strong meridional convec-
tion feeds the propagating m ¼ 1 instability and
leads to the decrease of Recr as Tm is first increased
after the switch from m ¼ 2 to 1: The difference in
magnitudes of vr0 and vy0 is illustrated by the fact
that c0max ¼ 13:1 and vy0max ¼ 3:77 for Tm ¼ 100
and the Recr ¼ 1567 for Pr ¼ 0:02; while c0max ¼
0:329 and vy0max ¼ 22:0 for Tm ¼ 100 and Re ¼ 0;
i.e., with the RMF, but without the thermocapil-
lary convection. As Tm increases from 500, vy0
becomes large enough that the associated centri-
fugal force begins to modify the thermocapillary
convection. Compared to the thermocapillary
convection for the same Re and for Tm ¼ 0; the
meridional convection for Tm > 500 extends a
shorter radial distance from the free surface, is
shifted toward z ¼ 1 and has a smaller value of
c0max: These modifications arise from the Taylor-
column effect: radially inward flow tends to
conserve angular momentum rvy0; so that its vy0
increases, and the associated increase in the radial
centrifugal force opposes the radially inward flow.
The reduction of the radial extent of the thermo-
capillary convection leads to its concentration near
z ¼ 1 where �qT0=qz at the free surface is
maximum. The modification of the meridional
convection by the centrifugal force is illustrated by
the base-flow streamlines for Tm ¼ 8000; Recr ¼
4593 and Pr ¼ 0:02 in Fig. 5, corresponding to the
contours of vy0 in Fig. 3. The stabilizing effect of
the growing base-flow centrifugal force leads first
to the minimum of Recr near Tm ¼ 1000 and then
to the increase of Recr for larger values of Tm: As
Tm is increased from zero, the rate of increase of
Recr for the convected m ¼ 2 mode changes from a
parabolic variation near Tm ¼ 0 to a linear
variation for Tm>6000; while the Recr for the
propagating m ¼ 1 mode first decreases, reaches a
minimum as the base-flow centrifugal force begins
to modify the meridional thermocapillary convec-
tion, and then increases rapidly as the modification
of the thermocapillary convection increases. The

Fig. 4. Values of vy1andvr1 at r ¼ 0:5; y ¼ 0 and z ¼ 0:6 for

Pr ¼ 0:001; Tm ¼ 1000 and Recr ¼ 919:
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rapidly rising Recr for the propagating m ¼ 1
mode eventually crosses the linearly increasing
Recr for the convected m ¼ 2 mode, resulting in the
return to the latter mode as the critical instability.
Wanschura et al. [5] used a perturbation energy
balance to show that the key term driving the m ¼
2 instability is vr1qvz0=qr in the axial perturbation
momentum equation.
It appears that the effects of an RMF on the

thermocapillary instability arise primarily from the
azimuthal base-flow velocity vy0 produced by the
RMF. An azimuthal base-flow velocity which is an
even function of z can also be produced by
rotating the crystal and feed rod at the same
angular velocity and in the same azimuthal
direction, which is generally called isorotation.
The changes in the base-flow code are minor:
Tm ¼ 0 and vy0 ¼ Reor at z ¼ 71; where Reo ¼
oR2=n; and o is now the angular velocity of the
crystal and feed rod. There are no changes in the
perturbation code. For Pr ¼ 0:02; the values of
Recr for both cases are plotted as functions of
vy0max for 0ovy0maxo120 in Fig. 6. For this range
of vy0max; the effects of an RMF and of isorotation
on the thermocapillary instability are very similar.
As vy0max increases from 120, the Recr for
isorotation increases faster than that for an

RMF. For example, at vy0max ¼ 180; Recr ¼ 4112
for an RMF and Recr ¼ 4819 for isorotation, both
for an antisymmetric, m ¼ 2 mode. For a stronger
RMF, the axial variation of the centrifugal force
due to vy0 drives a meridional base-flow circulation
which reinforces the thermocapillary convection,
while isorotation at a large angular velocity leads
to a small deviation from a rigid-body rotation, so
that isorotation always damps the thermocapillary
convection.

4. Conclusions

The thermocapillary instability in the FZ
process without an RMF arises from the large
radial gradient of the axial velocity near the free
surface and leads to a steady, nonaxisymmetric
flow. The addition of base-flow azimuthal velocity

Fig. 5. Base-flow streamlines for Pr ¼ 0:02; Tm ¼ 8000 and

Recr ¼ 4593: c0 ¼ 1 and c0 ¼ 2n for n ¼ 1–9.

Fig. 6. Recr versus vy0max for Pr ¼ 0:02 and for: (a) a RMF, or

(b) isorotation of the crystal and feed rod.
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by an RMF stabilizes this instability so that its
Recr increases, and convects its nonaxisymmetric
pattern with some mean of the base-flow angular
velocity. As the strength of the RMF is first
increased from zero, so that it adds a small
azimuthal velocity to the strong meridional
thermocapillary convection, a new instability
arises from the interaction of the centrifugal force
and the radial transport of angular momentum.
For small values of Tm; this new propagating
instability has a lower value of Recr than the basic
convected thermocapillary instability. However, as
the strength of the RMF increases and the base-
flow centrifugal force becomes large enough to
modify the meridional thermocapillary convec-
tion, this new instability is stabilized, leading to a
rapid increase of its Recr; so that it eventually
exceeds the more slowly increasing Recr for the
convected basic thermocapillary instability, lead-
ing to a return to the latter as the first instability.
Dold et al. [2] presented experimental results for

Re ¼ 74; 000–223,000 and Tm ¼ 9400–85,000. For
every experiment, the flow remained unsteady and
nonaxisymmetric, but the cause of the residual
deviation from axisymmetry may have been that
the RMF was not strong enough to eliminate the
hydrodynamic instability or it may have been the
result of imperfections in the experiments. Clearly
our range of values of Recr for Tm ¼ 0–8000 does
not correspond to their experiments. Nevertheless
our results show that Recr for the convected m ¼ 2
mode is increasing linearly with Tm for Tm > 6000:
The linear extrapolation of our results leads to
Recr ¼ 42; 300 at Tm ¼ 85; 000; which is far below
the values of Re for their experiments. Of course,
for Tm > 8000 another mode may become unstable
before the convected m ¼ 2 mode, but this would
lead to a lower value of Recr after each mode
switch. Therefore we conclude that the Recr for the
first instability leading to transition from a steady,
axisymmetric flow to a periodic, nonaxisymmetric
flow is far below the values of Re in their
experiments and that their RMF is not strong
enough to eliminate the hydrodynamic instability.
Using the growth rate and the measured

distances between adjacent maxima of the dopant
concentration in the striations, Dold et al. [2]
determined the frequencies of the unsteady melt

motion for 14mm diameter silicon crystals. For
Tm ¼ 0; they found a spectrum of frequencies
which reflected a chaotic flow for their high value
of Re; and which were concentrated below 1Hz.
For Tm ¼ 9400; they again found a spectrum of
frequencies, but with a shift to slightly higher
frequencies. For Tm ¼ 21; 000; the spectrum of
frequencies virtually disappeared, reflecting the
elimination of chaotic flow, and there was a single
strong frequency of 1.3Hz. They stated that this
single frequency correlated with the azimuthal
velocity, indicating a single convected instability
mode. For silicon with R ¼ 7mm, our character-
istic time R2=n ¼ 140 s: For Pr ¼ 0:02 and for the
critical convected m ¼ 2 mode, we found that lI ¼
424:44 for Tm ¼ 6000 and lI ¼ 523:85 for Tm ¼
8000: The results forðlI=mÞ for m ¼ 2 in Fig. 2b
indicate a linear variation of lI with Tm: Extra-
polating our results for Tm ¼ 6000 and 8000 to
Tm ¼ 21000 gives a frequency of 1.33Hz. This
good agreement between their experimental fre-
quency and our extrapolated predicted frequency
at Tm ¼ 21000 may be a coincidence because the
experimental Re is still well above the Recr for the
first instability.
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