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We presenta numericalstudyof theflow inducedby arotatingmagneticfield
on a liquid metalwhich fills a cylindrical container. Using a low frequency ap-
proximationandassumingaxisymmetry, afinite differencetechniqueis employed
for the calculationof the flow field. Two differentcasesareconsideredin order
to show thatusinga rotatingmagneticfield requiresa detailedknowledgeof its
interactionwith the flow. In the first situation,which is isothermal,it is shown
that increasingthe field intensityleadsto theoccurrenceof Taylor-Couettetype
centrifugalinstabilitiesdependingupontheaspectratio of thecavity. In thesec-
ondcase,which includesa heattransferproblem,it is shown thatapplyingavery
moderaterotatingfield to aninitially unstablethermallydrivenconvectionis able
to restoretheflow stability.

1. Intr oduction

It is now admittedthatapplyingarotatingmagneticfield (RMF) mayhave,under
particularcircumstances,the effect of stabilizingan initially unstableflow. This
propertyis of greatinterestin many respects,andparticularly in crystalgrowth
technology. Recentexperimentalworks supportthis idea like the one madein
Rigaby ProfessorGelgat’sgroup(Gelfgatet al, 1996)or in Germany (seeDold
andBenz1995).Asanexample,in figure1 publishedby theseauthors,oneclearly
show theeffectof alimited magneticfield onthedopantstriationsin thesolidified
crystal.
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Figure1. Decreaseof thedopantstriationswhenarotatingmagneticfield is applied.Experimental
resultsfrom P.Dold etal 1995(thesizeof thesamplesis approx. )

Theseresultshave givena renew of interestto the topic of RMF for at least
two reasons:ontheonehand,creatingaRMF devicerequiresonly asmallamount
of roomandof electricalenergy (whatcanbeof greatinterestfor spaceapplica-
tions);ontheotherhand,therecentworkswhichhavebeendoneto controlaflow
by meansof a dc magneticfield have madeclear the point that a ratherheavy
device hadto be usedin orderto reachthe requiredmagneticfield. Up to now,
no clear theoreticalexplanationor numericaldemonstrationhave beengiven to
explain or to illustratethe detailedactionof a RMF on a fluid or thermalinsta-
bility. It is preciselytheaim of this paperto studythestability of a rotatingflow
drivenby a RMF of limited frequency. Section describesthemodelwhich has
beenused.Themethodfor solvingtheelectromagneticforcefield is describedin
section . Section givesthe baseflow solutionin an isothermalsituation.The
resultsallow to determinethe hydrodynamicstability diagramasa function of
themagneticTaylornumber, , andtheaspectratioof thecylindrical container.
This is describedin section . Section studiesa situationwhich is directly con-
nectedto therealcrystalgrowth technologywhereunavoidableradialtemperature
defectsareresponsiblefor a thermallydrivenconvectionloop which instabilities
canbedampedby theuseof aRMF.
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2. Mathematical model
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Figure2. Geometry

We consideran isothermal,incompressible,viscous,electricallyconducting
fluid, containedin an electrically insulatingtruncatedcircular tube (radius ,
height ) asshown in Fig. 2. Theratio is denotedby . Theproperties
of thefluid representedby thedensity , thekinematicviscosity , thepermeabil-
ity andthe conductivity areassumedto be constant.The fluid is submitted
to the magneticfield createdby an infinitely long surfacecurrentsheetlocated
on the cylinder surfacein : where is
the lineic currentdensity, is thenumberof polesof thefield and standsfor
the electricpulsation.The screening(or shielding)parameter is
small comparedto unity. The region is filled with a materialof infinite
permeability. We usethecylindrical coordinates( , , ) associatedto unitsvec-
tor ( , , ). The following characteristicscaleshave beenused: for
length, for electricpotential, for electromagnetic
forces.Thevelocity scaleis denotedby andits valuewill beprecisedlateron
accordingto thenatureof theproblemto besolved.Thetimescale is .
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3. Electromagneticforcefield

In the low frequency approximation( ) themagneticfield is unper-
turbedby theloadandits expression:

(1)

satisfies:
(2)

In equation(1) is themaximumintensityof themagneticfield in .
is two-dimensionalandthevectorpotential , suchas , hasonly a

componentwhich is:

(3)

In this dimensionlessexpression and have beenusedascharacter-
istic valuesfor thevectorpotentialandfor the time.Theradius is now dimen-
sionless.Moreover, theelectricfield is classicallywritten:

(4)

where is usedto make dimensionless.Assumingthevelocity of the
fluid beingmuchsmallerthanthevelocityof thefield, Ohm’s law reducesto:

(5)

Taking the divergenceof equation(5) togetherwith equation(3) yields the
dimensionlessequationof theelectricpotential:

(6)

Looking for solutionssuchas:

(7)

gives:

(8)

Theboundaryconditionsat thecylinder boundariesare:

(9)
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Theseconditionsexpressthe cancellingof the normalelectriccurrentat the
cylinder boundaries.A separationof variablessolutionfor gives:

(10)

where aretheBesselfunctionsof thefirst kind andwherethe aresuch
as whereas and standfor thehyperbolicsinusandcosinus,
respectively.

Theboundaryconditionsin and give:

(11)
From(11)oneobtains:

(12)

and,aftersomemanipulationsonefinds:

(13)

Thefinal solutionfor becomes:

(14)

FromOhm’s law onededucethetimeandspaceaveragedazimuthalforce:

(15)

wherethe coefficient coming form the integrationof the function
is rejectedinto theforcescale alreadypresentedin theprevious
section.Then,equation(15)canbewritten :

(16)

This expressionextendsthework from (Mazuruket al., 1997)which is valid
for only.
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4. Baseflow solution in the isothermal case

The flow equationsaredescribedin termsof vorticity , stream
function definedby andangularmomentum :

(17)

(18)

(19)

where . Thevelocity is chosenequalto
andresultsfrom an equilibrium betweenthe inertial forcesandthe electromag-

neticforces.Then,theTaylornumberbecomes . Theequations(17)
to (19) aresolvednumericallyby usinga secondorderfinite differencescheme
derivedfrom (Sørensenetal., 1989).Theazimuthalforcealsocontainsaperiodic
componentbut we assumethat it doesn’t affect theflow asfar asthefluid veloc-
ity is negligible comparedto thevelocity of the magneticfield (Davidsonet al.,

1987)whentheflow is dominatedby inertiaor asfar as whentheflow
is viscousdominated(see(Priede,1993)).

Consequently, only thetime-averagedvalueof theforce(eq16) is introduced
in themomentumequation.This assumptioncanalsobeunderstoodasfollows:
dueto theequilibriumbetweenthemeanvalue of theelectromagnetic

forcesandtheinertial forces,theflow hasameanvalue suchas:

. During a time interval of oneelectricperiod, , the flow experiencesa

fluctuationof the driving force of order . Again, a simplebalance

betweenthis forceandinertiawrites: where standsfor

thefluctuatingpartof thevelocity. Consequently, assumingtheflow to besteady
despitethe fluctuatingnatureof the forcescan also be written or,
introducinganinteractionparameter, :

(20)

This situationis quiteat theoppositeof thatrecentlyconsideredby ( Walker,
1998)who studiesthe behavior of a flow drivenby a RMF in a truncatedliquid
metalcylinderwith and . Figure3 showstheelectriccurrent
linesfor . Theirpathis roughlyverticalin themid-heightregion ,
thuscreatingin thispartamaximumvalueof theazimuthalforce.
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Figure3. Electriccurrentlinesfor . At theinstantwhenthis plot hasbeenmade,
themagneticfield is normalto y = constantplanes.

Thedistributionsof theazimuthalforce is shown in Fig 4 for differentas-
pectratio of thecylinder. Onenotesthat for , theforcedistribution
in themid-planebecomesalmostequalto thatobtainedin aninfinitely longcylin-
der. Nevertheless, hasto be greaterthanapproximately to allow the
existenceof a regionnearthemid-planehaving analmostz-independentplateau.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

R

f θ

H/R = 10

H/R = 3

H/R = 1

H/R = 0.66

0 0.1 0.2 0.3 0.4 0.5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

fθ

Z

H/R = 10

H/R = 3

H/R = 1

H/R = 0.66

(a) (b)

Figure 4. Radial and vertical distributions of the azimuthalforce for different aspectratio. a)
andb) .

Dif ferentflow regimescanbeobserved.For anaspectratio , the
influenceof on the flow hasbeenstudiedin details.As increasesthree
flow regimesoccursuccessively: aviscousregime,aninertial regime,anunstable
regime.Gelfgat(1994)predicteda fourth regimewherethe flow againbecomes
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Figure 5. Velocity profiles at different radiusand streamlinesfor a magneticTaylor number
andan aspectratio (a) :Azimuthal velocity, - (b) : Radialvelocity,

(the lengthusedfor drawing thearrows is roughly400timeslarger thanin (a)) - (c) : Meridional
streamlines.
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Figure 6. Velocity profiles at different radiusand streamlinesfor a magneticTaylor number
andanaspectratio (a) :Azimuthalvelocity, - (b) : Radialvelocity, (the

lengthusedfor drawing thearrows is roughlythesameasin (a)) - (c) : Meridionalstreamlines.

quasistationaryandstablebut thispredictionhasnotbeenobservedin ournumer-
ical calculations.
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In the viscousregime, the recirculatingflow in the meridionalplanehasno
effect on the angularmomentumdistribution which is controlledby an equilib-
rium betweenviscosityandthe magneticforce.This canbewritten:

or, in dimensionlessform: . Theflow is shown on Fig 5.
Both or have smoothprofilesandnoboundarylayersappear. Themeridional
streamlinesarealmostcircular.

In the inertial regime, therecirculatingflow is stronglycoupledwith the az-
imuthalflow andby virtue of ananalysisdetailedin (Davidson,1992)theorder
of magnitudeof azimuthalvelocity canbefound: . This situationis
characterizedby theexistenceof thin Ekmanlayersalongtheendwalls in
and (seeFig 6). Most of themeridionalrecirculatingflow passesthrough
theselayerswhereit loosesthe angularmomentumpickedup in the core due
to the effect of its interactionwith the electromagneticforces.The thicknessof

theEkmanlayershasthewellknown dimensionlessvalue whatcanbe
written in dimensionlessunits:

(21)

Theradialvelocity in theselayersscalesastheazimuthalvelocity in thecore,
ie, . Themassconservationof therecirculatingflow givesthevalueof the

meridionalvelocity in thecore: . Finally, onFig 6, wecan
notean increasein asonemove from thecoreto theendwalls.This is clearly
a convective effect of themeridionalflow which carriestowardsthecenter, fluid
particleshaving ahigherazimuthalvelocity.

Figure7 showstheevolutionof themaximumvalueof theangularmomentum
in thewholefluid asa functionof . Theslopefoundby theabove calculations
of orderof magnitudematchesreasonablywell with our numericalcalculations.
It is clearly in theviscousregime for and in the full inertial
regimefor . It is worth notingtheexistenceof an intermediateregion
between and where scalesas butwheretheflow isstill
stable.This region probablyallows a transitionof the flow betweenthe viscous
and the inertial regimes.This latter becomesrapidly unstableif increases.
In figure 7, the last threepoints are alreadyin the unstableregime. It is then
surprisingthattheoccurrenceof flow instabilitiesdoesnotaffect thevalidity of an
orderof magnitudeanalysiswhich hasneverthelessbeenmadefor a stableflow.
Thegeneraltendency of theseresultsis in agreementwith thoserecentlyobtained
by otherauthors(see(Priede,1993)and(Davidson,1992)).

5. Departure from stability due to the RMF action

The first stability study was performedby Richardson(Richardson,1974).He
showedtheTaylor Couettelike natureof the instability in thecaseof an infinite
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Figure7. . Evolutionof themaximumof angularmomentum in
vs magneticTaylornumber

height.Gelfgat(Gelfgatet al., 1994)found that the finite lengthof the cylinder
was a stabilizing factor. For an aspectratio , Gelfgatpredictsthe
first transitionfor while for aninfinite modelthecalculationgives

. In orderto understandthemechanismof appearanceof theinstability
and the effect of top and bottomendwalls, we choosea sufficiently enhanced
cylinder (aspectratio ). The exact determinationof the transition
thresholdby meansof directsimulationis adifficult taskasthefirst perturbations
arevery weakandtakea long time to appear. For theaspectratioconsidered,we
found that the critical rangesin . The lower boundis obtained
by decreasing from theunstableregime till a stableregimeis obtainedwhile
theupperboundis obtaineddoingtheroutebackward.To illustratetheunsteady
case,we choosethereforea regime wherethe oscillationsarenot too weak.On
figure 8, we seethe time evolution of the streamlinesover oneperiodandof a
probesignalmeasuringthe azimuthalvelocity. As predictedby Richardson,we
seetheappearanceof Taylor Couettevorticesin themeridionalplanecreatedby
theunstablepartof theazimuthalvelocityprofilenearthecylinderwall. Themajor
differencebetweeninfinite caseandthe configurationof finite heightis the fact
thatwhenunstabletheflow is unsteady. Theplane remainsaplane
of symmetry. The vorticesaregeneratedin the quasi -independentzoneof the
cylinderandmovefrom theplaneof symmetrytowardtheextremitieswherethey
aredestroyed.This is dueto thepresenceof theEkmanpumpingcreatedby the
endwallsthatattractthevortices.Thesignalshowsthis timeevolution,eachpeak
correspondingto a vorticepassingin front of theprobe.

It is interestingto draw the stability diagramof the evolution of the critical
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Figure 8. (a) Evolution of distribution of thestreamfunction over a period for
, and .( with isovaluesequallyspaced). One

canfollow theevolution of a pair of vorticescreatedat ascendingover toward the
topwall andnotetheappearanceof apair of vorticesat for . (b) Signalof a
probemeasuringtheazimuthalcomponentof thevelocityat .
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Taylor numbervs theaspectratio . This is donein Fig 9. It is mostprob-
able that will have an asymptoticdependencein when

. As a matterof fact, the exponenteliminatesthe influenceof
theradius , what is expectablewhenthecylinder heightbecomesvanishingly
smallcomparedto theradius.
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Figure9. Evolutionof thecritical valueof themagneticTaylornumbervstheaspectratio .

6. Recoveringstableconditionswith a RMF

Theaim of this part is to explain thedetailedmechanismby which a RMF may,
underparticularcircumstances,contribute to stabilizean initially unstableflow.
As many of thepotentialapplicationsof this typeof magneticfieldsareconnected
with the crystal growth technology, it hasappearedinterestingto considerthe
situationdescribedin Fig 10whereacylindrical cavity is filled with aliquid metal
which is possiblysubmittedto a rotatingmagneticfield. This situationis then
closeto theverticalBridgmanconfiguration.

The top boundaryis at temperature whereasa radial temperature
defectduein practiceto a differencebetweenthe thermalconductivities of the
liquid andof thesolid phase,is maintainedalongthebottomboundaryin
where is linearly increasingfrom in to in . Thever-
tical wall is thermallyinsulated.Changingtheparameter thenallows to control
theintensityof thethermallydrivenmeridionalflow in the plane.Thescale
velocity resultsfrom an equilibrium betweenbuoyancy and inertial forces:

where is consideredasbeingthesignificantquantity
to estimatethe buoyanteffect and is the thermalexpansioncoefficient. As a
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Figure 10. Test casefor creatingan initially unstableflow: a radial temperaturedistribution is
imposedalong the bottom wall of a cylindrical cavity having an adiabaticvertical wall and an
isothermaltopwall.

Figure 11. Temperature(a) and velocity (b and c) distributions for , ,
and .
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Figure 12. Time evolution of the temperaturefor , , , and ( is
increasedin time every ; thetransientperiodbetweentwo successivevaluesof is not
shown). , , and .

Figure 13. Temporalevolution of the temperaturefluctuationsin , vs time for
different andfor , , , . Thetransientperiodbetween
two successivevaluesof is notshown.
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result,thescalevelocity becomesequalto . Introducingadimen-
sionlesstemperature , equations(17) to (19) andtheenergy equation
become:

(22)

(23)

(24)

(25)

TheGrashofandPrandtlnumbershave their standarddefinitions:

(26)

The equationsaresolvedusingthe samefinite differencestechniqueasthat
describedin section4.

When , Fig 11 shows the temperatureandvelocity distribution for
, and . Thevalue is a characteristicvalue

of the Prandtlnumberof liquid metalswhereas correspondsto a radial
temperaturedifferenceof whena vertical temperaturedifferenceof is
appliedbetweenthe top andbottomboundaries.Theflow is confinedat thebot-
tom of the cell wherethe radial inhomogeneityof the temperatureis important.
It consistsof a stationaryradial jet alongthebottomwall having analmostcon-
stantthickness . Theflow stability is lost when is increased(Fig 12).
Theamplitude of theflow oscillationsvs displaysaHopf bifurcation
behavior. For , Fig 13 shows thedampingof the temperaturefluc-
tuationswhenthemagneticTaylornumber, , is progressively increasedfrom
to .

A detailedstudyof theflow aroundthecriticalGrashofnumber hasshown
that the bottomjet alongthe wall in wasresponsiblefor the instability (
Marty et al., 1998).More precisely, the inflexional natureof its velocity profile
is the dominantingredientof this instability. For an unboundedgeometry, such
a profile is known to beunstableevenfor ratherlow Reynoldsnumbers( Viller-
maux,1998).In ourcase,thedimensionalconfinementin theradialdirectionim-
posedby the vertical wall hasthe effect of preventing the perturbationshaving
a wave-lengthgreaterthan to develop.This low-passfiltering is consequently
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at the origin of a critical Reynoldsnumberfor the jet to which correspondsan
associatedcritical Grashofnumber. Adding a rotationto the flow throughelec-
tromagneticazimuthalforceswill generatea radial Ekmanrecirculatinginward
flow alongbothendwalls. Along thebottomwall, this Ekmanflow will thenbe
oppositeto thethermallydrivenflow andwill thuslowerthejet Reynoldsnumber
to a valuesituatedbelow thecritical threshold.This, in turn,will restoretheflow
stability.

7. Conclusion

A methodof calculationof theflow inducedby alow-frequency rotatingmagnetic
field in a truncatedliquid metal cylinder hasbeenpresented.In an isothermal
cavity, the flow is found in agreementwith calculationsof othercontributors:it
consistsof a viscousflow whenthe magneticTaylor number, , is lower than
approximately andof a flow dominatedby inertia when is greaterthan

. In theviscousregime,theazimuthalvelocityscalesas whereasit scales
as in the inertial regime.For variousaspectratios,thecritical valueof
which producesTaylor Couetteinstabilitiesin theflow hasbeenfound.Themost
importantresultsof this studyconcernsthepossibility to usea RMF to stabilize
aninitially unstableandtime-dependentflow. This is of highpracticalinterestfor
crystalgrowth technology. Althoughall theseresultsshow the promisingfuture
of RMF, they alsoillustratehow carefulonehasto bewhenthis typeof fieldsis
consideredfor industrialapplications.It is alsolikely thatspecificexperimental
studiesontheseflowsshouldbeundertakenin additionto thenumericalapproach.
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