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We presentnumericalstudyof theflow inducedby arotatingmagnetidield
on a liquid metalwhich fills a cylindrical container Using a low frequeng ap-
proximationandassumingxisymmetryafinite differencaechniqueas employed
for the calculationof the flow field. Two differentcasesare consideredn order
to show thatusinga rotatingmagneticfield requiresa detailedknowledgeof its
interactionwith the flow. In the first situation,which is isothermal,it is shavn
thatincreasinghe field intensityleadsto the occurrenceof Taylor-Couettetype
centrifugalinstabilitiesdependinguponthe aspectatio of the cavity. In the sec-
ondcasewhich includesa heattransferproblemi,it is shovn thatapplyingavery
moderateotatingfield to aninitially unstablehermallydrivencorvectionis able
to restorethe flow stability.

1. Intr oduction

It is now admittedthatapplyingarotatingmagnetidield (RMF) mayhave, under
particularcircumstanceghe effect of stabilizinganinitially unstableflow. This
propertyis of greatinterestin mary respectsand particularlyin crystalgrowth

technology Recentexperimentalworks supportthis idealike the one madein

Rigaby ProfessoiGelgats group (Gelfgatet al, 1996)or in Germany (seeDold

andBenz1995).As anexample,in figurel publishedy theseauthorspneclearly
shaw theeffectof alimited magnetidield onthedopantstriationsin thesolidified
crystal.
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Figurel. Decreasefthedopantstriationswhenarotatingmagnetidield is applied.Experimental
resultsfrom P.Dold etal 1995(the sizeof the sampless approx.160 x 630 pm)

Theseresultshave givena renev of interestto the topic of RMF for at least
two reasonsontheonehand creatinga RMF device requiresonly asmallamount
of roomandof electricalenegy (whatcanbe of greatinterestfor spaceapplica-
tions);ontheotherhand therecentworkswhich have beendoneto controlaflow
by meansof a dc magneticfield have madeclear the point that a ratherheary
device hadto be usedin orderto reachthe requiredmagneticfield. Up to now,
no cleartheoreticalexplanationor numericaldemonstratiorhave beengiven to
explain or to illustratethe detailedactionof a RMF on a fluid or thermalinsta-
bility . It is preciselythe aim of this paperto studythe stability of a rotatingflow
drivenby a RMF of limited frequeng. Section2 describegshe modelwhich has
beenused.The methodfor solvingthe electromagnetiforcefield is describedn
section3. Section4 givesthe baseflow solutionin anisothermalsituation.The
resultsallow to determinethe hydrodynamicstability diagramas a function of
themagneticTaylor numbey 7,,,, andthe aspectatio of the cylindrical container
Thisis describedn section5. Section6 studiesa situationwhichis directly con-
nectedo therealcrystalgrowth technologywhereunavoidableradialtemperature
defectsareresponsibldor a thermallydrivencorvectionloop which instabilities
canbedampeddy theuseof aRMF
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2. Mathematical model

Figure2. Geometry

We consideran isothermal,ijncompressibleyiscous,electrically conducting
fluid, containedin an electrically insulatingtruncatedcircular tube (radius &,
height H,) asshavnin Fig. 2. Theratio Hy /R, is denotedby k. The properties
of thefluid representedly thedensityp, thekinematicviscosityr, the permeabil-
ity © andthe conductvity o areassumedo be constant.The fluid is submitted
to the magneticfield createdby an |nf|n|tely long surfacecurrentsheetlocated
on the cylinder surfacein r = R, > R,:j = —j, cos(pf — wt)k wherej, is
thelineic currentdensity 2p is the numberof polesof the field andw standgor
the electric pulsation.The screening(or shielding)parameter?, = uo“R2 is
small comparedo unity. Theregionr > R, is filled with a materialof infinite
permeability We usethe cylindrical coordinategr, ¢, z) associatedo unitsvec-
tor (¢;, €5, E). The following characteristicscaleshave beenused:l, = R, for
length, ¢, = %BORE for electricpotential, f, = ag’—pROBZ for electromagnetic
forces.Thevelocity scaleis denotedby U* andits valuewill be precisedateron
accordingo the natureof the problemto besolved. Thetime scalet, is R,/ U*.
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3. Electromagneticforcefield

In the low frequeng approximation( ;m“’RQ < 1) themagneticfield is unper
turbedby theloadandits expression:

p—1
B =B, (1;0) (sin(pf — wt)é, + cos(ph — wt)ép) (1)

satisfies: _
AB=0 (2

In equation(1) By is the maximumintensityof the magnetidieldin » = R,.
B is two-dimensionahndthevectorpotential A, suchas B = curl A, hasonly a
z componentvhichis:

rp

Az = = cos (p(0 - 1) 3)

In this dimensionlessxpressionB, Ry andp/w have beenusedascharacter
istic valuesfor the vectorpotentialandfor thetime. Theradiusr is now dimen-
sionlessMoreover, theelectricfield £ is classicallywritten:

. . 0A
EF=-Vy— — 4
e (4)
where—2— whyBo is usedto make dimensionlessAssumingthe velocity of the

fluid be|ngmuchsmallerthanthevelocny of thefield, Ohm’s law reducego:

—

j=ok (5)

Taking the divergenceof equation(5) togetherwith equation(3) yields the
dimensionlesgquationof theelectricpotential:

Ap=0 (6)

Looking for solutionssuchas:

= ®(r, z) sin (p(6 — 1)) (7

gives:

?d 190 p? 0?P

a2 Trar 2t T g ®
Theboundaryconditionsatthe cylinder boundariesre:

od od od
¥
¢) _. =0 _r) =0 _z) 0—— _z) =r (9)
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Theseconditionsexpressthe cancellingof the normalelectriccurrentat the
cylinder boundariesA separatiorof variablessolutionfor ® gives:

+o00
¢ = Z {Cincosh(Anz) + Consinh(Anz) } Jp(Anr) (10)
n=1
where.J, arethe Bessefunctionsof thefirst kind andwherethe A, aresuch
asJ];(/\n) = 0 whereassinh andcosh standfor thehyperbolicsinusandcosinus,
respectiely.
Theboundaryconditionsin z = 0 andz = h give:

+oo + oo
r? = Z ACandy(Apr) = Z A {Crpsinh (A, h) + Capeosh(A b))} J,(A,r)
n=1

n=1
(11)
From(11) oneobtains:
B Con (1 — cosh(Anh))
Cin = sinh(Anh) (12)
and,aftersomemanipulation®nefinds:
2p
Cy,, = 13
N T = ) 00 13)
Thefinal solutionfor ® becomes
+ oo
2pJp(Anr) cosh(Apz) — cosh(An(h — 2))
b = 14
nZ::l An (A2 = p2) Jp(An) sinh(A,h) (14)

FromOhm’s law onededucehetime andspaceaveragedazimuthalforce:

Jo=r7t (—%—f%—rp) (15)

wherethe 1/2 coeficient coming form the integrationof the sin? function
is rejectedinto theforce scalef, = ag’—pROBE alreadypresentedn the previous
section.Then,equation(15) canbewritten:

+ oo . .

_ 2pJ,(A,r)  sinh(A,z) + sinh(A,(h — 2))

— =1 P _ p 16

Jo=r (r n; (2 = p2) J, () sinh(Ah) (16)
This expressiorextendsthework from (Mazuruket al., 1997)which is valid

for p = 1 only.
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4. Baseflow solutionin the isothermal case

The flow equationsare describedn termsof vorticity Q2 - ¢; = V A V, stream
function definedoy V A (—% -€5) = (u,0,w) andangulamomentuni’ = ruv:

00 one) owe) o (1) _ 1 (2 100 o o0
ot ar dz 9z \r® ) p2\or? " ror 1?0 927
(17)
o*p 19y 9%

o ror a2 Y (18)

a_r+a(ur)+g+a(wr)_ 1 82F_18_F_|_82
ot or r oz T2\ ort ror 027

whereT,,, = (£°£2)2. Thevelocity U= is choserequalto \/ow/2(pp) B, R,
and resultsfrom an equilibrium betweenthe inertial forcesand the electromag-
neticforces.Then,theTaylornumbeibecomes’,, = ”“’B RO . Theequationg17)
to (19) are solved numericallyby usinga secondorderflnlte differencescheme
derivedfrom (Sgrenseetal., 1989).Theazimuthalfforcealsocontainsa periodic
componenbut we assumehatit doesnt affect the flow asfar asthefluid veloc-
ity is nggligible comparedo the velocity of the magneticfield (Davidsonetal.,
1987)whentheflow is dominatedoy inertiaor asfar as iz > 1 whentheflow
is viscousdominated'see(Priede 1993)).

Consequentlyonly thetime-averagedvalueof theforce (eq 16)is introduced
in the momentumequation.This assumptiorcanalsobe understoodasfollows:
dueto the equilibriumbetweerthe meanvalueaz“’—pRoBg of theelectromagnetic

forcesandtheinertial forces,theflow hasameanvalueU* suchas:az‘*’—pRoB2 ~

) +rfs  (19)

*2 . . . . . _ .
gf'—o. During a time interval of oneelectrlcperlod,% 1 the flow experiences

fluctuationof the driving force of orderO (o &ROBQ ). Again, a simplebalance

betweerthis forceandinertiawrites: o & ROB2 5U*_1 wheresU* standgor

thefluctuatingpartof the velocity. Consequentl,wssumingherow to be steady
despitethe fluctuatingnatureof the forcescanalso be written 2 T << lor
introducinganinteractionparameter':

2
N = 7By <<1 (20)
pw
This situationis quite at the oppositeof thatrecentlyconsideredy ( Walker,
1998)who studiesthe behaior of aflow drivenby a RMF in a truncatediquid
metalcylinderwith Ha >> 1 andN >> Ha. Figure3 shavstheelectriccurrent
linesfor Hy/ Ry = 0.66. Their pathis roughlyverticalin the mid-heightregion,
thuscreatingin this parta maximumvalueof theazimuthalforce.



STABILITY OFROTATING MHD FLOWS 333

Figure 3. Electriccurrentlinesfor Hy /R, = 0.66. At theinstantwhenthis plot hasbeenmade,
themagnetidield is normalto y = constanplanes.

Thedistributionsof the azimuthalforce fy is shavnin Fig 4 for differentas-
pectratio of the cylinder. Onenotesthatfor Hy/ Ry > 3, theforcedistribution
in themid-planebecomesimostequalto thatobtainedn aninfinitely long cylin-
der NeverthelessHy/ R, hasto be greaterthanapproximatelyl 0 to allow the
existenceof aregion nearthe mid-planehaving analmostz-independerplateau.
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Figure 4. Radial and vertical distributions of the azimuthalforce for differentaspectratio. a)
z=0.5andb) r = 0.5.

Differentflow regimescanbe obsered. For anaspectatio H,/ R, = 2, the
influenceof T, on the flow hasbeenstudiedin details.As T,,, increaseshree
flow regimesoccursuccessiely: aviscousregime,aninertial regime,anunstable
regime. Gelfgat(1994) predicteda fourth regime wherethe flow againbecomes
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Figure 5. Velocity profiles at different radius and streamlinesfor a magneticTaylor number
Tm = 10 andanaspectratio H,/ R, = 2 (a) :Azimuthal velocity, v - (b) : Radial velocity,

(thelengthusedfor draving the arravs is roughly 400timeslargerthanin (a)) - (c) : Meridional
streamlines.
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Figure 6. Velocity profiles at different radius and streamlinesfor a magneticTaylor number
Tm = 10° andanaspectatio H, /R, = 2 (a):Azimuthalvelocity, v - (b) : Radialvelocity, u (the
lengthusedfor draving thearravs is roughlythesameasin (a)) - (c) : Meridionalstreamlines.

quasistationaryandstablebut this predictionhasnotbeenobseredin ournumer
ical calculations.
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In the viscousregime, the recirculatingflow in the meridionalplanehasno
effect on the angularmomentumdistribution which is controlledby an equilib-
rium betweenviscosityandthe magneticforce. This canbe written: vy /R3 ~
ag’—pRoBg or, in dimensionlesform: % ~ T.,,'/?. Theflow is shovn on Fig 5.
Both v or « have smoothprofilesandno boundarylayersappearThemeridional
streamlinesrealmostcircular

In theinertial regime, the recirculatingflow is stronglycoupledwith the az-
imuthal flow andby virtue of an analysisdetailedin (Davidson,1992)the order
of magnitudeof azimuthalvelocity canbe found: % ~ 7,'/%. This situationis
characterizedy the existenceof thin Ekmanlayersalongtheendwallsin z = 0
andz = h (seeFig 6). Most of the meridionalrecirculatingflow passeshrough
theselayerswhereit loosesthe angularmomentumpicked up in the core due

to the effect of its interactionwith the electromagnetidorces.The thicknessof

—1/2
theEkmanlayershastheweIIknowndimensionlessalue(%) / whatcanbe
writtenin dimensionlessinits:

5Ekman ~ Q0 (TTEI/S) (21)

Theradialvelocity in thesdayersscalesasthe azimuthalelocity in the core,

ie,O (TT}/G). Themassconserationof therecirculatinglow givesthevalueof the
meridionalvelocity in thecore:v,, (core) ~ O(T;"'%). Finally, on Fig 6, we can
noteanincreasdn v asonemove from the coreto theendwalls. Thisis clearly
a corvective effect of the meridionalflow which carriestowardsthe center fluid
particleshaving a higherazimuthalvelocity.

Figure7 shavstheevolutionof themaximumvalueof theangulatTmomentum
in thewholefluid asafunctionof 7,,,. Theslopefoundby theabove calculations
of orderof magnitudematchegeasonablyvell with our numericalcalculations.
It is clearly1/2 in the viscousregimefor 7,, < 10° and1/6 in thefull inertial
regimefor 7;,, > 10°. It is worth notingthe existenceof anintermediateegion
betweer’,, = 10% and7},, = 10° wherev scaleasT’?:® butwheretheflow is still
stable.This region probablyallows a transitionof the flow betweenthe viscous
and the inertial regimes. This latter becomegapidly unstableif 7;, increases.
In figure 7, the last three points are alreadyin the unstableregime. It is then
surprisingthatthe occurrencef flow instabilitiesdoesnotaffectthevalidity of an
orderof magnitudeanalysiswhich hasneverthelesdbeenmadefor a stableflow.
Thegeneratendeny of theseresultsis in agreementvith thoserecentlyobtained
by otherauthors(seéPriede, 1993)and(Davidson,1992)).

5. Departure from stability dueto the RMF action

The first stability study was performedby Richardson(Richardson1974).He
shavedthe Taylor Couettelike natureof theinstability in the caseof aninfinite
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Figure7. H,/R. = 2.Evolutionof themaximumof angulamomentuni,,... in [0, R.] x [0, H,]
vs magneticTaylornumber?,,

height. Gelfgat(Gelfgatet al., 1994)found that the finite lengthof the cylinder
was a stabilizing factor For an aspectratio H,/ R, = 2, Gelfgatpredictsthe
first transitionfor 7}, > 3.2 - 10° while for aninfinite modelthecalculationgives
T,, = 2917.In orderto understanthemechanisnof appearancef theinstability
andthe effect of top and bottom endwalls, we choosea sufficiently enhanced
cylinder (aspectratio H,/ R, = 10). The exact determinatiorof the transition
thresholdoy meansof directsimulationis a difficult taskasthefirst perturbations
arevery weakandtakealong time to appearFor the aspectratio consideredywe
found that the critical 7}, rangesin [4050, 7200]. The lower boundis obtained
by decreasind’;,, from the unstableregimetill a stableregimeis obtainedwhile
the upperboundis obtaineddoingthe routebackward.To illustratethe unsteady
casewe choosethereforea regime wherethe oscillationsare not too weak.On
figure 8, we seethe time evolution of the streamlinesover one periodandof a
probesignalmeasuringhe azimuthalvelocity. As predictedby Richardsonwe
seethe appearancef Taylor Couettevorticesin the meridionalplanecreatedby
theunstablepartof theazimuthalelocity profile nearthecylinderwall. Themajor
differencebetweeninfinite caseandthe configurationof finite heightis the fact
thatwhenunstableheflow is unsteadyTheplanez = H,/2 = 5 remainsaplane
of symmetry The vorticesare generatedn the quasiz-independentzoneof the
cylinderandmove from the planeof symmetrytowardthe extremitieswherethey
aredestroyedThis is dueto the presencef the Ekmanpumpingcreatedby the
endwallsthatattractthevortices.Thesignalshavsthistime evolution, eachpeak
correspondingo avortice passingn front of the probe.

It is interestingto draw the stability diagramof the evolution of the critical
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Figure 8. (a) Evolution of distribution of the streamfunction ) over a period AT = 12.72 for
T = 16200, andH, /R, = 10.(¢» € [-0.157,40.157] with 20 isovaluesequallyspaced. One
canfollow the evolution of a pair of vorticescreatedat = = 6 ascendingver 3 - AT towardthe
topwall andnotethe appearancef apair of vorticesat z = 8.3 for T, + 0.2 - AT". (b) Signalof a
probemeasuringhe azimuthalcomponenbf thevelocityatr = 0.85,z = 7.5.
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Taylor numbervs theaspectatio Hy/ Ry. Thisis donein Fig 9. It is mostprob-
ablethat (7, )criticar Will have an asymptoticdependencén (Hy/Ro)~* when
Ho/Ro — 0. As a matterof fact, the —4 exponenteliminatesthe influenceof
theradius Ry, whatis expectablewhenthe cylinder heightbecomewanishingly
smallcomparedo theradius.

T

=
S}
T

critical

m

10°F

Inf. cylinder:limit

10 I I I I I I I I I

Figure9. Evolutionof thecritical valueof themagneticTaylornumberstheaspectatio Ho / Ro .

6. Recoveringstableconditionswith a RMF

The aim of this partis to explain the detailedmechanisnby which a RMF may,
underparticularcircumstances;ontribute to stabilizean initially unstableflow.
As mary of the potentialapplicationf thistypeof magnetidieldsareconnected
with the crystal growth technology it hasappearednterestingto considerthe
situationdescribedn Fig 10whereacylindrical cavity is filled with aliquid metal
which is possibly submittedto a rotating magneticfield. This situationis then
closeto thevertical Bridgmanconfiguration.

The top boundaryis at temperaturel, + AT whereasa radial temperature
defectduein practiceto a differencebetweenthe thermalconductvities of the
liquid andof the solid phasejs maintainedalongthe bottomboundaryin = = 0
whereT is linearlyincreasingrom 7y in r = 0to Ty + ¢AT in r = R. Thever
tical wall is thermallyinsulated Changingthe parameter thenallows to control
theintensityof the thermallydrivenmeridionalflow in the (r, z) plane.Thescale
velocity U* resultsfrom an equilibrium betweenbuoyany andinertial forces:
pgBeAT ~ pU*? /Ry whereeAT is consideredisbeingthe significantquantity
to estimatethe buoyanteffect and 3 is the thermalexpansioncoeficient. As a
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Figure 10. Testcasefor creatinganinitially unstableflow: a radial temperaturedistribution is
imposedalong the bottomwall of a cylindrical cavity having an adiabaticvertical wall and an
isothermatopwall.
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Figure 11. Temperaturga) and velocity (b and c¢) distributions for ¢ = 0.1, Pr = 0.01,
Gr =2.910° andT,, = 0.
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Figure 12. Time evolution of the temperaturdor Gr = 3.1, 3.2, 3.5, 3.8 and4.1 10° (Gris
increasedn time every At = 20; thetransientperiodbetweertwo successie valuesof Gr is not
shown).T,, = 0, H/R = 2, Pr = 0.01 ande = 0.1.
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Figure 13. Temporalevolution of the temperaturdluctuationsin r = 0.25, z = 0.2 vstime for
different7,,, andfor Pr = 0.01,e = 0.1, Gr = 3.5 105, H/R = 2. Thetransientperiodbetween

two successievaluesof 7T,,, is notshown.
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result,thescalevelocity U* becomegqualto /¢3¢ AT Ry. Introducingadimen-
sionlesgemperatur® = (TE;?) , equationg17)to (19) andtheenepgy equation

become:

o o ERrE)

00 0(uQ) A(wQ) 2 (r?) 1 (329 100 Q 329) 00

o or o oz\m) -G \az Trar o
(22)
0%y 10y 9% B

a2 rar oY 23)

or  o(ul)  ul  d(wl) L (o*r 190 9T\ T,
- - = -y - 24
ot + ar + r + Jz Gri/2 \ or?  ror + 022 —I—Grrfe (24)

ot u@r w@z  PrJGr \ Or? r dr 0722
The GrashofandPrandtinumbershave their standardlefinitions:
3
G — w pr_? (26)
14 (0%

The equationsare solved usingthe samefinite differencegechniqueasthat
describedn sectiord.

WhenT,, = 0, Fig 11 shaws the temperatureand velocity distribution for
Gr =2910%, Pr = 0.01 ande = 0.1. Thevalue0.01 is a characteristivalue
of the Prandtinumberof liquid metalswhereas = 0.1 correspondso a radial
temperaturalifferenceof 2K whena vertical temperaturealifferenceof 20K is
appliedbetweenthe top andbottomboundariesThe flow is confinedat the bot-
tom of the cell wherethe radialinhomogeneityof the temperatures important.
It consistsof a stationaryradial jet alongthe bottomwall having analmostcon-
stantthicknesss ~ 0.2. Theflow stability is lostwhenGr is increasedFig 12).
TheamplitudeA of theflow oscillationsvs Gr — G'r.. displaysa Hopf bifurcation
behaior. For Gr = 3.5 10°, Fig 13 shavs the dampingof the temperaturdluc-
tuationswhenthemagneticTaylornumbey 7;,,, is progressiely increasedrom 0
to 16640.

A detailedstudyof theflow aroundthecritical GrashohumberGr. hasshovn
thatthe bottomjet alongthewall in z = 0 wasresponsibldor the instability (
Marty et al., 1998). More precisely the inflexional natureof its velocity profile
is the dominantingredientof this instability. For an unboundedyeometry such
aprofile is known to be unstableavenfor ratherlow Reynoldsnumbery Viller-
maux,1998).In our casethe dimensionatonfinementn theradial directionim-
posedby the vertical wall hasthe effect of preventingthe perturbationshaving
a wave-lengthgreaterthan R to develop. This low-passfiltering is consequently
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at the origin of a critical Reynolds numberfor the jet to which correspondsin
associatedritical Grashofnumber Adding a rotationto the flow throughelec-
tromagneticazimuthalforceswill generatea radial Ekmanrecirculatinginward
flow alongbothendwalls. Along the bottomwall, this Ekmanflow will thenbe
oppositeto thethermallydrivenflow andwill thuslowerthejet Reynoldsnumber
to a valuesituatedbelow the critical threshold.This, in turn, will restorethe flow
stability.

7. Conclusion

A methodof calculationof theflow inducedby alow-frequeng rotatingmagnetic
field in a truncatedliquid metal cylinder hasbeenpresentedin anisothermal
cavity, the flow is foundin agreemenwith calculationsof othercontributors:it

consistsof a viscousflow whenthe magneticTaylor numbey T, , is lower than
approximatelyl 0° andof a flow dominatedby inertiawhenT,, is greaterthan

10°. In theviscousregime, theazimuthalvelocity scalesas7,/ > whereast scales

asTﬁ/6 in the inertial regime. For variousaspectatios, the critical valueof 7,

which producesTaylor Couetteinstabilitiesin the flow hasbeenfound. Themost
importantresultsof this studyconcernghe possibility to usea RMF to stabilize
aninitially unstableandtime-dependerftow. Thisis of high practicalinterestfor
crystalgrowth technology Although all theseresultsshow the promisingfuture
of RMF, they alsoillustratehow carefulonehasto be whenthis type of fieldsis
consideredor industrialapplicationslt is alsolikely thatspecificexperimental
studiesonthesdlows shouldbeundertakein additionto thenumericakpproach.
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