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The effect of rotation on the stability of thermocapillary driven flow in a laterally heated liquid

bridge is studied numerically using the full-zone model of the floating-zone crystal growth

technique. A small Prandtl number (0.02) fluid, relevant for semiconductor melts, is studied with

an aspect ratio (height to diameter of the melt) equal to one. Buoyancy is neglected. A linear

stability analysis of three-dimensional perturbations is performed and shows that for any ratio of

angular velocities, a weak rotation rate has the surprising effect of destabilizing the base flow. By

systematically varying the rotation rate and ratio of angular velocities, the critical threshold and

azimuthal wave number of the most unstable mode is found over a wide range of this two

parameter space. Depending on these parameters, the leading eigenmode is a wave propagating

either in the positive or negative azimuthal direction, with kinetic energy typically localized close

to one of the end walls. These results are of practical interest for industrial crystal growth

applications, where rotation is often used to obtain higher quality crystals. VC 2011 American
Institute of Physics. [doi:10.1063/1.3644717]

I. INTRODUCTION

Optimizing bulk production of high-quality crystals for

semiconductor devices is still an issue in the electronics

industry. Many bulk melt processes exist. One of them, the

radio-frequency heated, single coil float-zone is represented

in Fig. 1 (left). This technique has been used to grow small

diameter crystal for instance by Dold.1 As the technique is

containerless, few impurities are introduced into the crystal

and the stresses during cooling are reduced so that high-

purity, dislocation-free crystals are obtained. A complete

description of this technique can be found in Refs. 2 and 3

and here the focus is only on the main difficulties that crystal

growers face when using this process. For a doped silicon

single crystal, large-scale, non-uniform distribution of dop-

ants (macro-segregation) results from large-scale flow in the

molten zone and small scale distribution (striations or micro-

segregation) is a consequence of time-dependent flow at the

solidification front. Macro-segregation and striations need to

be controlled to obtain uniform distribution of dopants, and

rotation is an effective way to modify the flow structure and

provide this control.

For large-diameter crystals grown by float-zone the heat

source is provided by a high-frequency inductor. As semi-

conductor melts, such as molten silicon, are good electrical

conductors, the alternating magnetic flux induces electric

current in the molten zone and Joulean dissipation provides

the necessary heat source to maintain the material above the

melting temperature. Unfortunately, as electric current is

supplied to the inductor ring with two wires, heating and

electromagnetic body forces are not uniform in the azimuthal

direction.4 Rotation of the heater is technically difficult to

achieve so the most common situation is to rotate the feed

rod, the crystal or both to minimize the impact of this delete-

rious asymmetry.

Up to centimeter-scale diameter crystals can be grown by

optically heated float-zone using an ellipsoidal mirror fur-

nace.5 This is an efficient and again containerless technique to

melt the polycrystalline feed rod, but as the diameter increases

the heat flux provided by radiation from the optical source

becomes insufficient. Again, the negative impact of small

nonuniformities in the heat flux can be offset by rotation.

In order to explain the basic effects of rotation on the

flow driven by thermocapillary convection, a simplified

model represented in Fig. 1 (right) is investigated. The

molten zone is held between the feed rod and the crystal by

surface tension. Both melting and solidification fronts are

assumed to be flat disks. The free surface is assumed to have

a cylindrical shape of constant radius. Deformation from

gravity and centrifugal acceleration due to rotation is

neglected. A simple analytical expression is selected for the

distribution of heat flux along the free surface. This model

has already been proposed several times6–8 and is sometimes

referred to as the full-zone. The parabolic expression for the

heat flux is that used in Ref. 8. Different heat flux distribu-

tions have also been studied in Ref. 9. The specific heat flux

distribution is important for strong thermocapillary flow.

However, Gelfgat et al.10 showed that the primary bifurca-

tion that occurs for moderate convective flow depends sim-

ply on the total amount of heat flux provided. Note that the

full-zone is an idealization of crystal growth and does not

account for the heat of fusion at the melt and solidfication

fronts. In reality, these effects would break the midplane

reflection symmetry of the thermal field and, hence, the flow

field, in the melt.

Even if the interfaces are not solidifying and melting,

the full-zone model is not easy to realize experimentally as

the heat flux is difficult to monitor precisely. Therefore,a)Electronic mail: witko@limsi.fr.
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another model called the half-zone, which aims to represent

half of the floating-zone process, has been widely studied by

experimentalists.11,12 A thorough review of half-zone and

full-zone experimental studies in microgravity is given by

Kawamura et al.13 In the half-zone, the temperature gradient

along the free surface is a consequence of the temperature

difference imposed on the disks. This configuration stimu-

lated many numerical studies (see Ref. 14 for a complete

review). Nevertheless, numerical investigation of the full-

zone stability has again become popular because it allows

perturbations that break the reflection symmetry of the base

flow with respect to the midplane.10,15,16 A comparison

between the half-zone and full-zone has been carried out in

Ref. 17 and shows that the dominant mechanism for the lead-

ing instability is qualitatively captured by the half-zone for

Prandtl numbers less than 0.05. This justifies most of the stud-

ies on the half-zone configuration, at least to the first instabil-

ity. However, if rotation is involved the half-zone model is of

questionable value. When the crystal and the feed rod rotate at

different angular velocities, the midplane reflection symmetry

assumed in the half-zone no longer holds.

Experimental studies of heated liquid bridges involving

rotation are scarce. An isothermal study was carried out by

Carruthers and Grasso,18 but the shear induced by the fluid

surrounding the liquid bridge strongly affected the flow. In

fact, the case of isorotation of the upper and lower disks pre-

sented in their figure 7 indicates a deviation from uniform

solid body rotation. Chun et al.19,20 studied both the full-

zone and half-zone with rotation. More quantitative results

are found in the latter paper which focuses only on the half-

zone with isorotation of both disks or single rotation of one

disk. In both studies, the heat flux or temperature difference

was such that the flow was beyond the onset of oscillatory

flow: namely a traveling wave in the azimuthal direction. It

was shown that for a large enough angular velocity, rotation

reduced the amplitude of oscillations. For the half-zone and

rotation of the cold disk, Kamotani and Kim21 gave a

detailed study on the onset of oscillations as a function of

rotation rate. It was observed that a weak rotation rate is

destabilizing. In all of these experiments, large Prandtl num-

ber fluids were used. For small Prandtl number fluids, quanti-

tative information about the flow is extremely difficult to

obtain experimentally. The most common method to collect

experimental data to relate to the bulk flow is to introduce a

dopant in the melt and analyze the resulting dopant distribu-

tion in the grown crystal. This provides some indirect indica-

tion of the fluid flow at the solidification front.3

The pioneering numerical analysis by Chang and

Wilcox22 that describes the thermocapillary flow in the liq-

uid bridge was then extended by Kobayashi et al.6,23 to

include the effect of rotation. An earlier isothermal attempt

by Chang24 led to unreliable results due to an erroneous

boundary condition for the azimuthal velocity. These studies

focus on the flow beyond the first bifurcation. To the authors’

knowledge, the first numerical stability analysis of the flow

in a liquid bridge with rotation was performed by Harriot

and Brown.25 This study was restricted to isothermal flow,

exact (or nearly exact) counter-rotating disks and axisym-

metric perturbations. The quality of the results is remarkable

given the computational facilities of the time. Unfortunately,

for an aspect ratio of interest for crystal growth, the critical

value of rotation rate is too large for accurate predictions

with the limited resolution.

Utilizing the electrical properties of molten semiconduc-

tors, an alternative control method that provides angular

momentum to the flow is the application of a rotating mag-

netic field, which produces, under certain conditions, a

purely azimuthal body force. The linear stability analysis of

the flow in a laterally heated bridge with a rotating magnetic

field was carried out by Walker et al.26 and Ma et al.27 The

latter work combines isorotation of the disks and the rotating

magnetic field. The effect of the rotating magnetic field is very

similar to the effect of isorotation of the disks, as discussed in

Ref. 26. A weak rotation destabilizes the flow as observed in

Ref. 21. The destabilization of a Marangoni (or buoyant) flow

by weak rotation has also been observed in different crystal

growth configurations, namely the Czochralski technique, for

both small and large Prandtl number fluids.28–30

To complete this short survey, Minakuchi et al.31 seems

the only study to have performed a three-dimensional simu-

lation corresponding to the full-zone with rotation. In the

exact counter-rotating configuration, it was shown qualita-

tively that the oscillatory thermocapillary flow is stabilized

by rotation for three rotation rates, a small Prandtl number

fluid and a short aspect ratio such that the distance between

the feed rod and the crystal is equal to the radius. These

numerical simulations also include solute transport as a pas-

sive scalar and are performed with moderate numerical resolu-

tion that is slightly under-resolved for the high-rotation rate.

The purpose of the present article is to provide an under-

standing of the influence of rotation, for any angular velocity

ratio of the disks, on the stability of the flow driven by

Marangoni convection in a laterally heated liquid bridge.

FIG. 1. (Color online) Left: Schema of the radio-frequency (RF) heated

float-zone process. Right: academic model for b¼ 1 and the temperature dis-

tribution neglecting convection (Ma¼ 0 and Re¼ 0).
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II. PROBLEM FORMULATION, GOVERNING
EQUATIONS, AND NUMERICAL METHOD

The model geometry is represented in Fig. 1 (right).

Cylindrical coordinates (r*, h, z*) are used, where asterisks

indicate dimensional variables. The free surface is located at

a constant radius R* and thus is assumed to be nondeform-

able. In experiments, even in microgravity, the free surface

will deform. In microgravity and with no rotation, this defor-

mation is symmetric with respect to the midplane. However,

differential rotation or any gravitational field will break the

midplane reflection symmetry of the domain. The distance

between the feed rod and the crystal is 2bR* where b is the

aspect ratio. The fluid is Newtonian with constant physical

properties with the exception of the surface tension c* which

is assumed to vary linearly with temperature T* given by

c�ðT�Þ ¼ c�ðT�SÞ þ
dc�

dT�
ðT� � T�SÞ; (1)

where T�S is the solidification temperature. The coefficient dc�

dT�

is typically negative for the liquid-gas interface of interest

for crystal growth. The melting and solidification front are

perpendicular to the revolution axis and rotate at angular

velocities X* and SX*, respectively, where S the angular ve-

locity ratio between the feed rod and the crystal. The charac-

teristic scaling selected for the velocity V* is V*¼ �*=R*,

where �* is the kinematic viscosity. Length, time, and pres-

sure are scaled by R*, R*=V*, and q*V*2, respectively, where

q* is the density of the melt. The difference T� � T�S between

the melt and the solidification temperature is scaled as

T ¼ T� � T�S
� �

=DT�, where the characteristic temperature

difference DT*¼ q*R*=k* is based on the maximum q* of the

heat flux,

k�
@T�

@r�
¼ q� 1� z�

bR�

� �2
 !

(2)

prescribed along the free surface. Here k* denotes the ther-

mal conductivity.

The nondimensional continuity, Navier-Stokes and

energy equations, neglecting buoyancy, are

r � v ¼ 0; (3)

@v

@t
þ ðv � rÞv ¼ �rPþr2v; (4)

@T

@t
þ ðv � rÞT ¼ 1

Pr
r2T: (5)

The boundary conditions at the free surface r¼ 1 are

Vr ¼ 0; (6)

@Vh

@r
� Vh

r
¼ �Ma

Pr
fz

1

r

@T

@h
; (7)

@Vz

@r
¼ �Ma

Pr
fz
@T

@z
; (8)

@T

@r
¼ 1� z

b

� �2

; (9)

and at the solid-liquid interfaces

Vr ¼ 0; Vh ¼ Re r; Vz ¼ 0; T ¼ 0 at z ¼ b; (10)

Vr ¼ 0; Vh ¼ S Re r; Vz ¼ 0; T ¼ 0 at z ¼ �b:

(11)

The nondimensional Marangoni, Prandtl and Reynolds num-

bers are defined by

Ma ¼
�dc�

dT�
q�R�2

q���j�k�
; Pr ¼ ��

j�
and Re ¼ X�R�2

��
; (12)

respectively, and where j* is the thermal diffusivity. The sin-

gularity at the corner r¼ 1 and z¼6b is removed with a reg-

ularization function fz¼ 1� exp(�a(1� (z=b)2)2) where a is

the regularization parameter. Here a¼ 200 is fixed, which

seems to be a reasonable value.17 Similar regularization proce-

dures have often been used and are widely discussed.7,17,32–35

A. Base flow

The base flow, before the first bifurcation, is stationary

and axisymmetric. The scalar functions for vorticity xb(r, z)

and the stream function wb(r, z) are introduced. These are

related to the meridional velocity field Vb
r and Vb

z by

xb ¼ @Vb
r

@z
� @Vb

z

@r
; (13)

Vb
r ¼

1

r

@wb

@z
and Vb

z ¼ �
1

r

@wb

@r
: (14)

The equations, discretization, and the resolution technique are

almost identical to those presented in the context of a rotating

magnetic field applied to the floating-zone configuration.36

The difference is that the flow in the azimuthal direction is

here driven by the imposed liquid-solid interface rotation,

rather than by an azimuthal body force created by the rotating

magnetic field. In general, there is no symmetry in z as the

angular velocity ratio S is varied over the range [�1, 1]. For

the base flow, the Navier-Stokes equations reduce to

@ðVb
r x

bÞ
@r

þ @ðV
b
z x

bÞ
@z

� @

@z

Vb
h

2

r

 !
¼ @2xb

@r2
þ 1

r

@xb

@r
� xb

r2

þ @
2xb

@z2
; (15)

@2wb

@r2
� 1

r

@wb

@r
þ @

2wb

@z2
¼ rxb; (16)

@ðVb
r Vb

hÞ
@r

þ 2Vb
r Vb

h

r
þ @ðV

b
z Vb

hÞ
@z

¼ @
2Vb

h

@r2
þ 1

r

@Vb
h

@r
�Vb

h

r2
þ @

2Vb
h

@z2
:

(17)

The energy equation is

@ðVb
r TbÞ
@r

þ Vb
r Tb

r
þ @ðV

b
z TbÞ
@z

¼ 1

Pr

@2Tb

@r2
þ 1

r

@Tb

@r
þ @

2Tb

@z2

� �
:

(18)
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The boundary conditions are

at z ¼ b; wb ¼ 0;
@wb

@z
¼ 0; Tb ¼ 0; Vb

h ¼ r Re;

at z ¼ �b; wb ¼ 0;
@wb

@z
¼ 0; Tb ¼ 0; Vb

h ¼ S r Re;

at r ¼ 1; wb ¼ 0; xb ¼ Ma

Pr
fz
@Tb

@z
;

@Vb
h

@r
� Vb

h

r
¼ 0:

The regularity of the velocity and temperature field at the

axis imposes wb¼ 0, xb¼ 0, Vb
h ¼ 0, @Tb=@r¼ 0 at r¼ 0.

B. Linear stability analysis

The velocity field is written in the following form:

Vðr; h; z; tÞ ¼ Vbðr; zÞ þ �Real½ðvrðr; zÞ;
ivhðr; zÞ; vzðr; zÞÞ expðktþ imhÞ�; (19)

where � is a small parameter, m is the azimuthal wave num-

ber and k¼ krþ iki defines the growth rate kr and the fre-

quency ki. A similar formulation is used for the pressure p
and temperature H perturbations. Introducing the expression

(19) into the governing equations and boundary conditions

(3) through (11) and collecting the leading order terms leads

to the governing equations for the perturbation. These equa-

tions are written in Appendix A where the exponent b for the

base flow has been dropped for legibility. Equations (A1) to

(A5) and the associated boundary and regularity conditions

lead to a generalized eigenvalue problem. The growth rate kr

determines the stability of the flow. The neutral curve is

found when the leading eigenvalue or complex pair (i.e., the

eigenvalue or pair with the largest real part) crosses the

imaginary (kr¼ 0) axis.

C. Numerical method and validations

The techniques developed to find the base flow, eigen-

values, eigenvectors, and the neutral curves have been

described in a previous study37 in which many ideas were

taken from Chen et al.38 with the following exceptions: a

stream function-vorticity formulation is used instead of a

primitive variable formulation for the base flow, the mesh is

uniformly spaced, the banded matrix system is solved using

LAPACK libraries,39 and the shift-invert transformation to

search for eigenvalues is carried out with the help of the

ARPACK libraries.40

A nonzero azimuthal velocity in the base flow results in

complex matrices in the stability analysis, on which LU

decompositions must be performed in the ARPACK library.

The variables vr, vh, vz are complex. The phase shift intro-

duced in Eq. (19) for vh is useful only if Vh¼ 0. In that case,

the matrices in the eigenvalue problem are purely real and

the computational cost can be reduced. The code has been

tested with Vh= 0 in the context of isothermal rotating disk

flow.41 Other tests have been performed as detailed in

Appendix B.

The key features of the method are summarized here.

The set of equations and boundary conditions are discretized

by a standard second-order accurate finite-difference

scheme. For a given set of parameters, a steady state solution

is computed using a Newton-Raphson algorithm. Zero veloc-

ity and temperature fields serve as the initial guess. However,

for a few cases at larger values of Re, a solution from an

intermediate Re value has been used as an initial guess. The

neutral curve is found, with all parameters except one (typi-

cally Ma) fixed, by computing the base flow and identifying

the leading 20 to 40 eigenvalues and then iterating with a

secant method to find the zero of kr(Ma). The complex shift

is carefully chosen along the imaginary axis either to follow

the leading eigenvalue or to monitor any new leading eigen-

value that might cross the imaginary axis.

Except when mentioned, all results presented are per-

formed on a [r� z]¼ [51� 81] uniform grid which proved

to be a good compromise between accuracy and computa-

tional cost (see Appendix B).

III. RESULTS AND DISCUSSION

The base flow generated by Marangoni convection in

the full-zone or half-zone configuration is well-known. Sec-

tion III A explains how the azimuthal velocity affects the

Marangoni convection in the full-zone configuration. Section

III B discusses the stability of this flow. The case S¼�1 is

highlighted as this configuration has interesting z-symmetry

and is sensitive to an instability that exists even in the ab-

sence of Marangoni convection. An energy analysis is car-

ried out in Section III C, providing insight into the physical

mechanisms of the instabilities and a general overview of the

effect of rotation.

In all cases the Prandtl number is fixed to 0.02, the value

most commonly used for molten silicon, and the aspect ratio

b is equal to 1. Since the Prandtl number is small and the first

bifurcation occurs at a moderate value of the effective vis-

cous Reynolds number (based on the velocity in the bulk

flow), the temperature field remains close to the conductive

state represented in Fig. 1 (right). For a purely conductive

state, the value of the maximum temperature is 1.06 at the

free surface for z¼ 0. The thermal convection only mildly

affects both the temperature gradient along the free surface

in the base flow and the instability mechanisms. To confirm

the hydrodynamic nature of the instability, a few computa-

tions for selected values in the (Re,S) plane have been car-

ried out. These computations were performed by introducing

two numerical artifacts. First, fz is set to 0 in the perturbation

boundary conditions (A7). This is artificial but allows for

evaluation of the thermocapillary contributions as possible

sources of destabilization. Then in a second computation, the

base flow velocity (Vb
r and Vb

z ) is also set to 0 in the energy

equation (18). This corresponds to a physical situation: the

limiting case for Pr¼ 0 leading to a purely conductive tem-

perature distribution and thus a prescribed thermocapillary

driving force along the free surface. Some quantification of

the variation resulting from these thresholds is given in

Appendix C.

A. Base flow

The base flow for either Re¼ 0 or Ma¼ 0 is first

described, thus considering only one driving source. For
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Re¼ 0, the variation of surface tension with temperature on

the free surface drives the flow from the hot spot (z¼ 0)

toward the cold spot (z¼6b). Figure 2 (right top) shows the

two symmetric recirculations in the meridional plane, coun-

terclockwise in the upper plane and clockwise in the lower.

When there is no Marangoni convection, the base flow con-

sists of an azimuthal flow due to the rotation of the disks rep-

resented in Fig. 2 (left) and an additional meridional flow in

Fig. 2 (right bottom) which is a consequence of the axial var-

iation of the azimuthal flow. One or more recirculating cells

form depending on the value of S.

The case S¼ 0, sometimes called the rotor-stator config-

uration, has only one recirculating cell if the Reynolds num-

ber is not too large. The rotor-stator configuration with a

fixed rigid wall at r¼ 1 has been investigated numerically by

Daube42 among other experimental or numerical studies.43,44

In the exact counter-rotating configuration (S¼�1), the

meridional recirculating cells, represented in Fig. 2 (right

bottom), are opposite to those generated by Marangoni con-

vection. The flow is directed outward along the disks and

inward in the symmetry plane.

Now cases with both Marangoni convection and rotation

are described. For a given value of Marangoni number, as

the rotation rate is increased, two regimes can be observed.

For illustration purposes, Ma¼ 30 is selected because this

value is close to the first bifurcation in the case without rota-

tion. In Section III B, perturbations are described at the

actual critical Ma values, many of which are below 30.

In the first combined regime, referred to throughout as

the weak rotation regime, Marangoni convection dominates

the flow and the angular momentum r Vh is strongly con-

vected. Angular momentum acts almost as a passive scalar.

This is illustrated in Fig. 3 (left) where for a fixed z, V2
h is not

necessarily increasing with r and large values of V2
h are

found in the interior of the domain. In Fig. 3 (left top), the

maximum of the azimuthal velocity is not found at r¼ 1 and

z¼61 as might have been expected but at r� 0.4 and

z �60.65. Interestingly, the maximum azimuthal velocity of

FIG. 2. (Color online) Azimuthal velocity (left) and streamlines (right).

Top: Ma¼ 30, Re¼ 0. Bottom: Ma¼ 0, Re¼ 30, S¼�1.

FIG. 3. (Color online) Azimuthal velocity (left) and streamlines (right) for

Ma¼ 30. Top: Re¼ 30, S¼ 1. Middle: Re¼ 50, S¼ 0.5. Bottom: Re¼ 100,

S¼ 0.
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the flow is approximately 36 which is larger than the maxi-

mum azimuthal velocity of the disk. Even larger values of

azimuthal velocity, and therefore angular momentum, could

be reached in the flow if not for the dissipative effects of vis-

cosity. The contours for the azimuthal velocity and the stream

function in the case S¼�1 with Ma¼ 30 and Re¼ 30 (not

shown) are almost the same as those presented in Fig. 3 (top)

except Vh is odd with respect to z.

Another observation is that for Re¼ 30 (which is con-

sidered weak rotation) and Ma¼ 0, the meridional flow due

to rotation of the disks is much smaller than that induced by

purely Marangoni convection with Ma¼ 30 and Re¼ 0 (see

Fig. 2 (right)). The interaction between both sources of

motion is not straightforward. Recirculations in the direction

opposite to the Marangoni flow (due to counter-rotation

S¼�1) might be expected to cancel out part of the Maran-

goni flow. Surprisingly, a weak counter-rotation may

enhance the Marangoni recirculation. In fact, as Re increases

from zero, for any value of S the maximum value of |w| ini-

tially increases before being damped. The explanation of this

phenomenon is understood by the fact that @ Vb2

h =r
� �

=@z is a

source term in Eq. (15). The arrow in Fig. 3 (left top) illus-

trates the direction in which the flow is driven by this source.

The square in this expression indicates that the parity of Vh

with respect to z is not important. Thus for S¼ 1 and

S¼�1, the strong Marangoni flow convects and redistrib-

utes angular momentum. The axial variation of the angular

momentum then either weakly reinforces the Marangoni

flow or at least does not oppose this flow.

For S¼ 0.5 and S¼ 0, there is no longer symmetry with

respect to z¼ 0. The recirculation close to the upper rotating

disk is weakened while the other is enhanced. In the absence

of Marangoni convection, a faster upper rotating disk would

generate one large clockwise recirculation. When Marangoni

convection is added to this rotation, the lower half of the

meridional plane is driven in the clockwise direction by both

sources. Thus the enhancement of Marangoni convection in

Fig. 3 (bottom right) is probably due to superposition of both

source terms.

The case of stronger rotation is presented in Fig. 4. Even

though the flow does not yet have all the properties of a flow

dominated by rotation, this particular value of Re¼ 100 is

selected because it is of interest for the stability analysis in

the next section. The first manifestations of the Taylor-

Proudman theorem45 can be observed: the meridional flow is

weakened by rotation, the maximum value of w has dropped

from roughly 12 to 8. The similarities between S¼�1 and

S¼ 1 in Fig. 4 are remarkable. For these co-rotating and

counter-rotating limits, the envelopes of contours of Vh near-

est the free surface always have similar shapes (though oppo-

site symmetries). This holds both for small Re when Vh is

convected by the Marangoni flow (as in Fig. 3, top left) and

for larger Re where rotation (either co or counter) begins to

dominate (as in Fig. 4, left).

Conversely, the behavior of the weaker flow in the

region 0< r< 0.5 is different for S¼�1 and S¼ 1. For

S¼ 1, the azimuthal velocity closely mimics solid body rota-

tion and the inner meridional circulations (probably driven

by viscous coupling to the outer circulations) are weaker

compared to that for S¼�1 (as the latter inner circulations

are enhanced by differential disk rotation).

For Re¼ 200, Ma¼ 30 and S¼�1 (not represented), the

maximum value of w is close to 4.8 and the flow driven by

Marangoni convection is confined near the free surface

r> 0.8. The azimuthal velocity is no longer convected by the

weak Marangoni convection. The limit between weak and

strong rotation regime is S dependent. For example, Re¼ 100

is considered to be in the weak rotation regime for S¼ 0 while

it is almost in the strong rotation regime for S¼61. These

symmetric (co and counter-rotating) configurations are more

efficient for damping the Marangoni convection.

B. Linear stability analysis

The critical values of Ma have been determined in the

two dimensional parameter space (Re,S) for 0 � Re � 150

and� 1 � S � 1 with increments of 1 and 0.05, respectively

(see Fig. 5). The azimuthal modes m¼ 1 and m¼ 2 compete

to be critical for almost all cases. Modes m¼ 0, 3, 4, 5, 6

have also been checked, and are not critical except in the

case near S¼�1 where m¼ 3 is involved. The modes in the

bottom right corner of Fig. 5 correspond to m¼ 2 bifurca-

tions, though m¼ 3 bifurcations are actually critical over

some of this small region near S¼�1, as discussed below.

FIG. 4. (Color online) Azimuthal velocity (left) and streamlines (right) for

Ma¼ 30, Re¼ 100. Top: S¼ 1. Bottom: S¼�1. The isovalues are non-

equally spaced for the stream function. The step is 1 for recirculations close

to the free surface and 0.25 for recirculations close to the axis.
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The first observation is that for Re> 50, it is more effec-

tive to set the angular velocity ratio S close or equal to 61 to

stabilize the flow. As mentioned in Section III A this is due

to the fact that for these angular velocity ratios the strong

rotation regime is quickly reached. The similarity between

the effect of rotation on the Marangoni flow for S¼ 1 and

S¼�1, discussed earlier for the base flow, is again quite

striking when comparing the evolution of the critical Maran-

goni number and the switching between m¼ 1 and m¼ 2. As

a second observation, for all values of S, the critical Maran-

goni number always has a minimum at a value of Re= 0.

This minimum is obtained in the range 25<Re< 75,

depending on the value of S. Thus, there is always a possible

value of rotation that will destabilize the Marangoni flow.

The case S¼ 1 illustrates the destabilization of the flow

by weak rotation and the competition between the eigenmo-

des m¼ 1 and m¼ 2. In Fig. 6, the critical value of Ma is

plotted as a function of Re. For Re¼ 0, the most unstable

mode is stationary, with m¼ 2 and Mac¼ 31.1 based on the

coarsest grid used (51� 81). The critical Marangoni value

for m¼ 1 is slightly larger and equal to 35.2 and corresponds

to a Hopf bifurcation (ki¼619.9). For Re> 0, the transition

is always associated with a transition to a periodic flow. The

mode m¼ 1 becomes critical for Re� 5 and the value of

Mac drops to 19.9 at Re¼ 30. For Re> 67, the isorotation is

sufficiently strong to stabilize the Marangoni flow and

Mac> 31.1. The shape for the neutral curve for m¼ 1 is

quite smooth while the curve for m¼ 2 shows abrupt changes

of slope at Re� 6 and Re� 35. This is due to the fact that

the m¼ 1 branch is generated by a unique eigenmode called

A1, while for m¼ 2 the curve is generated successively by

branches A2, B2, and C2, defined later in the energy analysis

(Section III C).

The exact counter-rotating configuration S¼�1 has

some features that need special attention. The neutral curves

are represented in Fig. 7. Just as similarities in the base flow

between S¼ 1 and S¼�1 were emphasized, there are simi-

larities between the neutral curves starting at Re¼ 0. The

S¼ 1 neutral curves have been superimposed on the S¼�1

curves in Fig. 7 to demonstrate this similarity.

The dashed S¼�1 neutral curves are associated with

transitions to periodic flow (with the small exception of

m¼ 2 and Re< 1 which cannot be seen due to the axis

scale). A new feature for S¼�1 is a closed stable region

delimited by two other neutral curves starting at Ma¼ 0,

Rec� 76 and Rec� 91 for m¼ 2 and m¼ 3, respectively.

These two curves are due to the strong counter-rotation of

the disks which induces its own instability with a transition

to a stationary flow. A small Marangoni convection stabilizes

this instability so that above Re¼ 76, the neutral curves also

define a minimum Marangoni number under which the flow

is unstable. Additionally, an upper limit for Reynolds num-

ber is found around 142, above which the base flow is unsta-

ble for any Marangoni number. In Fig. 5, these instabilities

would correspond to a narrow region close to S¼�1 and are

not represented. In fact, this instability is very specific and

sensitive to the symmetry. For Ma¼ 0, the critical Reynolds

number increases sharply with S (for S¼�0.93 and m¼ 2,

Rec> 250).

However, there are strong differences between the

S¼�1 eigenvectors and those of other values of S, even

FIG. 5. (Color online) Isovalues of Mac for m¼ 1 or m¼ 2. The thicker

lines (dark blue) delimit the regions where m¼ 1 or m¼ 2 is the critical

mode.

FIG. 7. (Color online) Neutral curves (Re,Ma) for S¼�1 for m¼ 1, 2, 3.

Thick solid lines are for transition to stationary flow and thick dashed lines

for transition to periodic flow. The thin dashed lines correspond to the neu-

tral curves for S¼ 1 from Fig. 6.

FIG. 6. (Color online) Neutral curves of Mac for m¼ 1, 2 as function of Re

for S¼ 1.
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when the neutral curves behave similarly. For any other

angular velocity ratio, only one propagating wave is selected

at a given Reynolds number. In contrast, each Hopf neutral

curve for S¼�1 corresponds to a pair of propagating waves.

These rotating azimuthal waves should not be confused

with those seen at Re¼ 0 for a Hopf bifurcation. The latter

would correspond to those studied in the half-zone model46

and discussed in detail in the Rayleigh-Bénard configura-

tion.47 In both studies the initial standing waves, which result

from superposition of the rotating waves traveling in

opposite directions, eventually become unstable in favor of

one rotating wave in the non-linear regime. With no azi-

muthal velocity in the base flow (Re¼ 0), the matrices in the

eigenvalue problem have real coefficients. Thus, for

complex-conjugate eigenvalues, the eigenvectors are also

complex conjugate. These eigenvalues are repeated and the

rotating wave result can be recovered using either m > 0 or

m< 0. For Re¼ 0, each eigenvector also has symmetry

(symmetric or antisymmetric) with respect to the mid-plane.

In contrast, for S¼�1, Re> 0 two complex conjugate

eigenvector pairs exists and computing them requires use of

both m> 0 and m< 0.

For m> 0, the eigenvalue with a positive (negative)

imaginary part corresponds to a wave propagating with the

lower (upper) disk and the corresponding kinetic energy of

each eigenmode is distributed accordingly. Thus, it is

expected that in a non-linear computation, starting with per-

turbations of equal amplitude on each eigenmode, will result

in two waves traveling in opposite directions, the upper in

the direction of the top disk and the lower in the direction of

the bottom disk, rather than a standing wave. The stability of

this state is beyond the scope of the present study.

C. Energy analysis

One of the goals of this study is to give an overview of

the effect of rotation on the Marangoni flow. The mecha-

nisms of the instabilities have already been presented in the

non-rotating half-zone configuration, either with an energy

analysis32,48 or analogy to a thin vortex ring.49 In the vortex

ring analogy, the recirculation (or meridional) flow is consid-

ered as a vortex ring. The instability mechanism is inviscid

and associated with straining the vortex. In the energy analy-

sis, two regions where the base flow provides energy to the

perturbation have been observed.48 These include the region

at the periphery of the recirculation where a centrifugal-like

mechanism takes place and a region in the core of the vortex

(close to the extremum of the stream function) that recovers

the strain-induced mechanism proposed in the vortex ring

analogy. The term centrifugal should be here considered

with caution as it is not associated with azimuthal velocity,

but rather with the meridional flow, and could also be con-

sidered a shear layer instability.

In the energy analysis, the sources of local production

can be decomposed into different contributions. For instance

in Ref. 32, seven possible sources of destabilization are listed.

Following the spirit of this analysis, the sources of local pro-

duction are decomposed here. An azimuthal velocity in the

base flow adds more potential sources and tracking each con-

tribution in the entire (Re,S) plane proved to be almost intrac-

table. As a strong simplification, the contributions were

grouped in two categories: those associated with the meridio-

nal base flow (recovering those listed in Ref. 32) and those

associated with the azimuthal velocity Vh (new terms). A third

category, the contribution of the Marangoni forces along the

free surface, was never significant in the energy balance. This

is a common feature for small Prandtl number liquids and an

additional argument in favor of the hydrodynamic nature of

the instability. Even with just two contributions, no simple de-

pendence was found. One difficulty arises from the fact that

m¼ 1 and m¼ 2 branches alternate as critical. However, even

when studied separately, different eigenmodes with fixed

wave number can become critical as Re and S vary, and each

usually has a different instability mechanism. Finally, even

for a given eigenmode and wave number, contributions some-

times vary in a non-monotonic way.

In order to shed some light on the effect of rotation, the

eigenvectors are represented by a scalar function, namely the

local kinetic energy of the perturbation
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2

r þ v2
h þ v2

z

q
r dh,

normalized so that the maximum is 1. For a general flow, the

local energy production and the local kinetic energy of an

eigenmode will not necessarily coincide. For instance, in an

open flow configuration it is common that these spatial local-

izations will differ. However, for this closed geometry, and

in the absence of boundary layers, some conclusions based

on the spatial localization of the kinetic energy of the eigen-

mode may be drawn.

In Fig. 8, for Re¼ 0 and Ma¼ 30, all the eigenmodes

that become critical in some region of the (Re,S) plane (see

Fig. 9) are represented. The eigenvalues and the associated

eigenvectors are labeled with a letter and subscript, the latter

of which indicates the critical azimuthal wave number. The

eigenvectors can also be distinguished according to their

midplane reflection symmetry as in Ref. 17. The eigenvec-

tors represented at the top of Fig. 8 (namely C2, A2, and B1

and its complex conjugate A1) are antisymmetric such that

the perturbations vr and vh are odd and vz is even with respect

to z. Those represented at the bottom (D2, C1 and B2) are

symmetric, with perturbations vr and vh even and vz odd with

respect to z, thus maintaining the symmetries of the base

flow. Not shown is a mode with wave number 1 which sits

between C2 and D2 at Ma¼ 30, but never becomes critical at

any combination of (Re,S) studied.

The symmetry is not revealed by the kinetic energy

which is always even with respect to z. The antisymmetric

modes, with axial flow through the symmetry plane, are not

allowed in the half-zone model, which is more constrained

than the full-zone model. Therefore, the eigenmode that is

most similar to the critical mode observed in the half-zone

model is B2. Its kinetic energy exhibits a strong similarity with

the regions of production of energy represented in Fig. 7(c) in

Ref. 48. For Re¼ 0, the eigenmodes B1, C1, C2, D2 depicted in

Fig. 8 each have a maximum at the symmetry plane. This likely

arises from the combined contribution at the periphery of both

vortices as they extend to the symmetry plane.

In Fig. 9, the thick lines (also represented in Fig. 5) sep-

arate the regions for which m¼ 1 is critical from the m¼ 2
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regions, while the thin lines separate the different eigenmo-

des within each region. For specific (Re,S) combinations, an

eigenmode that is representative of the entire region is

visualized. A word of caution should be provided at this

point. The choice for the letter to label the eigenmode in a

region is potentially arbitrary, as eigenvalues may merge at

some points in the parameter space. Thus, the label depends

on the path chosen to reach the region. The map has been

established in the following way. Starting at a given S, m,

and Re¼ 0, the Reynolds number was increased from 0 to

150 while the Marangoni number was maintained at Mac.

Furthermore, in the narrow region S �� 0.35, 100 � Re �
150 no label has been given because the modes alternate

between A1, B1, C1, and distinguishing the critical mode is

likely to be resolution dependent.

When rotation is involved, the symmetry is lost (except

for S¼61) and one can observe in Fig. 9 that most of the

kinetic energy of the eigenvector is produced either by the

upper or the lower vortex. The mechanism suggested for the

single vortex in the half-zone configuration could be

extended to describe these rotating cases. The symmetry is

recovered for S¼ 1 or Re¼ 0. This is illustrated by C2 in

Fig. 9 which represents a point close to S¼ 1 where energy

production appears in both the upper and lower regions. As S

approaches 1, the energy production in the lower region

grows further to match that in the upper region.

To better describe the disturbance flow, the eigenvectors

corresponding to velocity and temperature perturbations for

two illustrative cases are shown in Fig. 10 and Fig. 11. The

top and the bottom contours represent, at a given time, the

perturbations in two meridional planes shifted by p=(2m).

The perturbations are normalized such that vz¼ 1 at r¼ 1

and z¼ 0. For this small Prandtl number, the temperature

perturbation is three orders of magnitude smaller than the

perturbation velocities. The corresponding base flows for

these cases are qualitatively the same as those presented in

Fig. 3 (middle and bottom). The only significant difference

is quantitative—the stream function extrema are approxi-

mately 20% less, consistent with critical Marangoni numbers

that are smaller than Ma¼ 30.

Fig. 10 shows the eigenvector associated with mode A1.

Consistent with the distribution of perturbation kinetic

energy of this mode, shown in Fig. 9, the dominant perturba-

tion flow is localized to the top-half of the meridional plane,

and away from r¼ 0. There is no discernible coupling

between the perturbation flow on the free surface and the

temperature perturbation.

The perturbation flow associated with mode B2 is given

in Fig. 11. Here the perturbed flow is concentrated in the

lower-half of the meridional plane, away from both the free

surface and r¼ 0. This is again consistent with the perturba-

tion kinetic energy shown in Fig. 9.

In these two cases and throughout most of the domain

studied, the eigenvectors retain much of the character of cor-

responding cases without rotation. The primary impact of the

rotation is to shift the eigenvector up or down in the meridio-

nal plane. This supports the idea that it is the meridional

base flow, driven by Marangoni convection, which drives a

hydrodynamic instability. Rotation localizes the perturbation

flow and the associated kinetic energy.

In addition to the spatial localization, the frequency that

characterizes the instability is of interest for practical appli-

cations, as there is a strong correlation between the fre-

quency and the striations observed in the grown crystal.50

For Re¼ 0 and Ma¼ 30, the eigenmodes A2 (critical), B2,

C1, C2, D2 are stationary so that the angular phase velocity

of the eigenmode is zero. The complex-conjugate pair A1, B1

is associated with a non-zero frequency and corresponds to

two traveling waves propagating with angular phase veloc-

ities of 19.9 at Ma¼ 35.2 in the positive and negative

azimuthal directions, respectively.

With rotation, for any S =� 1, the angular phase

velocity of the critical mode is nonzero and the eigenvalues

of A1 and B1 are not a complex-conjugate pair. The fre-

quency ki is reported in Fig. 9 for each eigenmode. It is

interesting to interpret these frequencies relative to the base

flow. For the eigenmodes m¼ 2, as a rough approximation,

the angular phase velocity� ki=m is on the same order of

the mean base-flow angular velocity. The perturbation is

therefore convected by the base flow in the azimuthal direc-

tion. Note that the region over which this mean should be

taken is difficult to define and rather arbitrary. As a first

example, consider the mode B2 represented in Fig. 9 at

Re¼ 100, S¼ 0. The critical Marangoni number is 23.4 and

the azimuthal velocity of the base flow differs only

FIG. 8. Leading eigenvalues for Re¼ 0, Ma¼ 30, m¼ 1 and m¼ 2, and

associated kinetic energy of the leading eigenmodes.
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FIG. 9. Distribution of the kinetic energy of the critical eigenmodes for the following (Re,S) values (clockwise from top left to bottom left): A1 (50, 0.5), C2

(125, 0.9), D2 (140, 0.75), A2 (125, 0.5), B2 (100, 0), B2 (125, �0.9), B1 (100, �0.5), A1 (50, �0.5).
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moderately from the one presented in Fig. 3 (left bottom)

for Ma¼ 30. In the region of the maximum kinetic energy,

the mean angular velocity vh=r is approximately 16, which

is close to 33.3=2, indicating that the B2 disturbance is con-

vected with the base flow.

In contrast, for the eigenmodes with m¼ 1, the phase

velocity races ahead when compared to the local mean angu-

lar velocity of the base flow. Consider, for example, the

eigenmode A1 at Re¼ 50, S¼ 0.5. The region over which

the mean angular velocity of the base flow should be com-

puted is more difficult to define as there are two local max-

ima in the distribution of kinetic energy. Depending on the

choice of the local maximum, one finds an angular velocity

of 55 or 35, which in either case is slower than 67=1. The

same is also verified for A1 at Re¼ 50, S¼�0.5.

As a last example, the wave associated with the B1

eigenmode at Re¼ 100, S¼�0.5 has a phase velocity� 42.4=1

and travels in the negative azimuthal direction. Therefore, this

wave also races ahead of the local angular velocity of the base

flow which is approximately� 15.

The differences between the phase velocities and the

base flow angular velocities for the m¼ 1 eigenmodes can be

attributed to the phase velocity of the traveling waves A1 and

B1. This phase velocity is 619.9 at Ma¼ 35.2 for Re¼ 0.

The estimate can be improved by assuming that the phase

velocity of the traveling wave relative to the angular velocity

of the base flow is only controlled by the intensity of Maran-

goni convection and is not affected by rotation. The fre-

quency varies monotonically between ki¼ 13.4 to 25.7 in the

range Ma¼ 20 to 65 for Re¼ 0.

IV. CONCLUSIONS

The results presented in the full-zone model of

the floating-zone technique show that for any angular ve-

locity ratio between the feed rod and the crystal, the effect

FIG. 10. (Color online) Eigenvectors for m¼ 1, Re¼ 50, S¼ 0.5 at Ma¼ 24.5 corresponding to mode A1. From left to right radial, azimuthal, axial velocities

and temperature. Top: real (vr, ivh, vz,1000 H) and bottom: imaginary (vr, ivh, vz,1000 H).
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of rotation on the Marangoni convection is destabilizing in

the case of weak rotation but stabilizing for strong rota-

tion. The exception to the latter is the exactly counter-

rotating configuration which destabilizes the flow for large

rotation rates. The analysis of the role of angular momen-

tum distribution in the base flow provides some under-

standing about these phenomena.

The systematic linear stability analysis over the Re and

S parameter space shows the variety of leading eigenmodes

involved in the primary bifurcation. Seven regions in the

(Re, S) plane over which leading eigenmodes are critical

have been determined. Each eigenmode is characterized by

an azimuthal wave number, an angular phase velocity, and

the spatial localization of its kinetic energy.

In agreement with previous half-zone studies, the physi-

cal mechanism of the instability is mainly attributed to the

destabilization of the vortex (or meridional flow) induced by

Marangoni convection. This argument is based on the obser-

vation that the local kinetic energy of the eigenmode closely

follows the vortex localization. The azimuthal velocity

enhances or inhibits one of the two vortices generated by

Marangoni convection in the full-zone configuration and

thus selects if the perturbation will grow in the upper or

lower half of the domain. The perturbation is convected by

some local mean of the angular velocity of the base flow for

cases where m = 2 is critical.

In an experiment or in an industrial crystal-growth pro-

cess, Re and S can be chosen independently. The instability

is quite sensitive to this choice. For two contiguous regions

in the (Re,S) plane, the eigenmode can change its azimuthal

wave number from m¼ 1 to m¼ 2, change its spatial local-

ization from the lower disk to the upper disk, and change the

direction of propagation of the perturbation (in the positive

or negative azimuthal direction). Providing practical advice

for crystal growers is therefore not an easy task. The first

advice would be to choose S either close to 1 or� 1 as stabi-

lization is achieved at moderate rotation rates near these

extremes. However, values very close to S¼�1 coupled

FIG. 11. (Color online) Eigenvectors for m¼ 2, Re¼ 100, S¼ 0 at Ma¼ 23.4 corresponding to mode B2. From left to right radial, azimuthal, axial velocities

and temperature. Top: real (vr, ivh, vz, 1000 H) and bottom: imaginary (vr, ivh, vz, 1000 H).
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with large Re should be avoided as such flows are prone to

an intrinsic isothermal counter rotating disks instability. A

second suggestion is to choose a region in the map where the

instability is close to the feed rod rather than the crystal so as

to achieve a crystal with less impact from striations. Setting

the feed rod to the lowest angular velocity and S �� 0.8

may fulfill all these requirements.

This advice should nevertheless be taken with caution as

nonlinear combinations of modes and secondary bifurcations

have not been addressed in this study and can significantly

modify the flow behavior. For instance, with no rotation and

small Prandtl number, the half-zone and the full-zone behave

quite similarly in the linear stability analysis.17 However, the

three-dimensional, non-linear time integrations presented in

Ref. 16 for the full-zone configuration and in Ref. 46 for the

half-zone configuration show different behavior. Extending the

three-dimensional computations to the entire (Re,S) plane

seems out of reach. An alternative is a weakly nonlinear analy-

sis using reduced models.51 Such models reduce the number of

degrees of freedom to a small set that captures the dynamics of

the flow. This is achieved by a Galerkin projection of the

Navier–Stokes equations on the leading eigenvectors computed

by a linear stability analysis. Reduced models are still in the

early stages of development and have been primarily tested in

simple configurations. They are nevertheless promising. Apply-

ing these techniques to the full-zone configuration with rotation

is a good challenge and may be helpful for future analysis.

It should also be noted that it is difficult to extrapolate

the results presented here to a full-scale crystal growth

experiment. For example, in the radiatively heated mono-

ellipsoidal furnace growth and the RF heated growth of Dold

et al., convective temperature fluctuations on the free surface

of the silicon liquid bridge were approximately 1 K and 5 K,

respectively.1,52 However, temperature gradients at the

growth front measured approximately 100 K=cm in the radi-

atively heated case and 275 K=cm in the RF heated experi-

ment. Thus the effective Marangoni number is highly

nonuniform across the free surface in crystal growth. These

experiments result in Ma ranging from about 80–90 (for the

1 K fluctuation) up to 10 000 or higher for the steepest gradi-

ent at the solidification front. The lower limit is on the same

order as the simulations presented here, but the upper limit is

well beyond, with strong local thermocapillary flow and sig-

nificant buoyancy effects. While the work presented here

aids in the fundamental understanding of instabilities in liq-

uid bridges, it cannot be directly extended to full-scale crys-

tal growth systems where large gradients at the growth front

are maintained to avoid the morphological instability.

However, there is at least one experiment to which this

study sheds insight. The Re¼ 0, m¼ 2 steady mode is best

compared to a half-zone experiment in which a similar per-

turbation was observed. In Fig. 6 of Takagi et al.,53 the sur-

face flow visualization at DT¼ 7K, just before onset of the

periodic flow, shows what appears to be an m¼ 2 steady

mode. These experiments used molten tin with properties

Pr¼ 0.01, dc�

dT� ¼ �0:9� 10�4 N=mK, l¼ 1.4� 10�3 Pa-s,

where l is the dynamic viscosity, j¼ 2.0� 10�5 m2=s, and

R*¼ 1.5 mm. At DT¼ 7K, this corresponds to Ma¼ 33.8.

While the full-zone tends to have a lower Mac as compared

to the half-zone, the values are of the same order of magni-

tude. Thus, the linear stability prediction of Mac¼ 31.1 is

very realistic for the onset of the first stationary instability

expected in an experiment at Pr¼ 0.02.
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APPENDIX A: LINEAR EQUATIONS FOR THE
PERTURBATION

The equations for the perturbation are

1

r

@ðrvrÞ
@r
� mvh

r
þ @vz

@z
¼ 0; (A1)

2

r

@

@r
rvrVrð Þ � mvhVr

r
þ i

mvrVh

r
� i

2vhVh

r

þ @

@z
vrVzð Þ þ @

@z
vzVrð Þ þ @p

@r

� @2vr

@r2
þ 1

r

@vr

@r
� ð1þ m2Þvr

r2
þ 2mvh

r2
þ @

2vr

@z2

� �
¼ �kvr;

(A2)
1

r

@

@r
rvhVrð Þ þ vhVr

r
þ i

2mvhVh

r

� i

r

@

@r
rvrVhð Þ � i

vrVh

r
� i

@

@z
vzVhð Þ

þ @

@z
vhVzð Þ þ mp

r

� @2vh

@r2
þ 1

r

@vh

@r
� ð1þ m2Þvh

r2
þ 2mvr

r2
þ @

2vh

@z2

� �
¼ �kvh;

(A3)

1

r

@

@r
ðrvrVzÞ þ

1

r

@

@r
ðrVrvzÞ þ i

mvzVh

r

� mvhVz

r
þ 2

@

@z
ðvzVzÞ þ

@p

@z

� @2vz

@r2
þ 1

r

@vz

@r
� m2vz

r2

@2vz

@z2

� �
¼ �kvz (A4)

Vr
@H
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þ vr

@T
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þ i

mHVh
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þ Vz

@H
@z
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@T

@z

� 1

Pr

@2H
@r2
þ 1

r

@H
@r
� m2H

r2
þ @

2H
@z2

� �
¼ �kH: (A5)

The boundary conditions are

at z = 6b

vr ¼ 0; vh ¼ 0; vz ¼ 0; H ¼ 0 (A6)

and at r¼ 1

vr ¼ 0;
@

@r

vh

r

� �
¼ �Ma

Pr
fz

m

r2
H;

@vz

@r
¼ �Ma

Pr
fz
@H
@z

;
@H
@r
¼ 0: (A7)
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The regularity at the axis imposes

for m¼ 0,

vr ¼ 0; vh ¼ 0;
@vz

@r
¼ 0;

@H
@r
¼ 0; (A8)

for m¼ 1,

@vr

@r
¼ 0;

@vh

@r
¼ 0; vz ¼ 0; H ¼ 0; (A9)

and for m> 1,

vr ¼ 0; vh ¼ 0; vz ¼ 0; H ¼ 0: (A10)

APPENDIX B: BENCHMARKING AND GRID
REFINEMENT STUDY

1. Base flow benchmarks

We compare the base flow for the isothermal case

(Ma¼ 0) with an early study by Kobayashi and Wilcox.23

Values for the minimum of the stream function are given in

the caption of their figure 2. Unfortunately, the grid size is

not specified. Table I shows that our results are in close

agreement with those found by Kobayashi et al.23 especially

given that the location of the minimum values are found on

grid points which do not necessary align between the two

studies. The values given have been converted to match our

scaling.

Table II compares our results to Figs. 2 and 6 of a sec-

ond article by Kobayashi6 that considered the nonisothermal

situation with or without rotation. The heat flux boundary

condition at r¼ 1 is given by

@Tb

@r
¼ 1� Bi

Q
ð1þ QTbÞ4;

with Q¼ 0.0575 and Bi¼ 0.01. The agreement is good with

the exception of three cases. Two cases can be explained as

we believe there is an inversion in the caption between Fig. 6

(b) (S¼ 0) and figure 6 (c) (S¼�1) in the article of Kobaya-

shi. For the third case, the large value of Marangoni

(Ma¼ 57.5) requires a fine grid to obtain accurate results.

2. Stability analysis benchmarks

We also benchmarked our code in the half-zone configu-

ration (b¼ 0.5) that has been widely studied. The heat flux is

zero at the free surface and the temperature at z¼�b is set

to 1. For Pr¼ 0.02, the most unstable mode is stationary

(ki¼ 0) with m¼ 2. Chen et al.38 found a critical Marangoni

Ma¼ 41.08, Wanschura et al.32 found Ma¼ 41.24 and Ma

et al.27 found Ma¼ 41.18. We found Ma¼ 40.91 and

Ma¼ 41.07 on a 41� 41 and a 81� 81 grid, respectively.

For Pr¼ 0.01, Shevtsova54 proposed a benchmark and fur-

ther computations have been carried out by Gelfgat.55 The

most unstable mode is again steady with m¼ 2. We found

critical Marangoni values of Ma¼ 18.924, Ma¼ 18.952, and

Ma¼ 18.970 on 51� 51, 81� 81, and 141� 141 grids,

respectively. In order to check an oscillatory bifurcation, we

also computed the m¼ 5 mode, which is not the critical

mode. On the same grids, Ma¼ 93.823, 94.047, 94.402, and

ki Pr=Ma¼ 0.0618, 0.0632, 0.0637 were found. All of these

results are consistent with the values given in Table III of

Ref. 55, namely Ma¼ 18.980 for m¼ 2 and Ma¼ 94.702

with ki Pr=Ma¼ 0.0639 for m¼ 5.

3. Grid dependence study

Table III presents, for select points in the (Re, S) plane,

the critical values of Ma, m, and ki computed for different

grids. The first line (Mac values for Re¼ 0) can be compared

to the value found by Houchens and Walker17 of Ma¼ 30.92

in their Table A2 and the refined value of Ma¼ 30.93 in

Huang and Houchens.35 Matching the regularization parame-

ter to their computations (a¼ 400) improves the last digit as

we find Ma¼ 30.94 on the 151� 241 grid. The critical val-

ues found for Re¼ 30, S¼ 1 match those found by Ma et
al.27 as they found a mode m¼ 1 and Ma¼ 995 *.02¼ 19.9.

The grid dependence study shows that the critical values

vary within 3% from the coarse grid to the refined grid.

Thus, a 51� 81 grid with a¼ 200 for the exhaustive study in

the (Re, S) plane was used.

4. Computational cost

If a reasonable guess is provided, the secant method

converges within 4 to 6 iterations to find a critical value for

one (Re, S) combination. The computational cost of one

secant iteration depends heavily on the efficiency of solving

the linear systems arising from the base flow and eigenvalue

problems. A small fraction of time is spent to build the ma-

trix. A direct rather than an iterative method to solve the lin-

ear systems proved to be more efficient, especially for the

computation of the leading eigenvalues. Each Newton itera-

tion requires one (costly) LU factorization and one back

solve (forward elimination and back substitution). Depend-

ing on the initial guess, 2 to 10 Newton iterations are needed

TABLE I. Minimum values of the stream function wb for Re¼ 100, b¼ 1

and various S for the isothermal case Ma¼ 0.

S 51� 81 101� 161 Kobayashi23

0.5 �0.820 �0.811 �.80

0.0 �1.71 �1.70 �1.70

�0.5 �2.14 �2.12 �2.13

�0.75 �2.12 �2.10 �2.11

�1. �2.05 �2.03 �2.03

TABLE II. Comparison of the minimum values of the stream function wb

for b¼ 1, Pr¼ 0.01.

Ma S Re 51� 81 101� 161 Kobayashi6

0.575 – 0 �0.616 �0.615 �0.618

5.75 – 0 �4.98 –4.98 �4.92

57.5 – 0 �29.5 �30.0 �25.5

5.75 1 100 �2.27 �2.26 �2.27

5.75 0 100 �5.30 �5.30 �1.87

5.75 �1 100 �1.97 �1.96 �5.20
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to reduce the norm of the residual below 10�10. The size of

the matrix for the base flow is smaller than that for the eigen-

value solver (four variables and real coefficients versus five

variables and complex coefficients) thus even if the eigen-

value solver requires only one factorization of the matrix but

100 to 500 back solves, it consumes most of the CPU time

and memory. The required number of converged eigenvalues

and the distribution of the spectrum, which is problem

dependent, may significantly vary the number of back solves

and consequently impact the CPU time consumption.

In order to give an estimate of the CPU time and mem-

ory usage for one iteration of the secant method for the grids

used in Table III, we have set the following arbitrary values

Re¼ 140, S¼�0.8, m¼ 2, and Ma¼ 40. Starting with zero

temperature and velocity fields as initial guesses for the base

flow, the converged solution is obtained with 9 Newton itera-

tions and 170 back solves to accurately find 40 eigenvalues.

For the grids (51� 81, 101� 161, 151� 241), consumption

of CPU times are, respectively, 0’16s, 2’20s, and 9’15s.

Peak memory usages are 0.3, 2.0, and 6.5 GB. These timings

are for a PC computer with 24 GB memory and an Intel i7

980� processor (using only one core and the Intel MKL

optimized Lapack library). Additional computations were

performed using all 6 cores and a direct sparse solver (Par-

diso implemented in the Intel MKL library) to illustrate the

importance of the optimization of the linear solver. For the

finest (151� 241) grid, CPU time drops from 9’15s to 1’04s.

Another advantage of the direct sparse solver is a lower

memory usage (1.3GB for this grid).

APPENDIX C: LIMITING CASE FOR Pr 5 0

This appendix only focus on the eight (Re, S) combina-

tions in Fig. 9 which are likely representative of the entire

plane. The critical Maranagoni values and the frequency

were computed neglecting Marangoni forces in the perturbed

flow and for the limiting case Pr¼ 0. These values are com-

pared to the values for Pr¼ 0.02 in Table IV. The critical

Marangoni number is modified in the worse case by 25% but

the frequency is only moderately affected (less than 4% vari-

ation). The fact that the critical Marangoni number is lower

for Pr¼ 0 than for Pr¼ 0.02, suggests that Marangoni forces

in the perturbed flow and thermal convection in the base

flow are stabilizing. In all cases, the qualitative distribution

of the kinetic energy of the leading mode was not signifi-

cantly changed. The temperature distribution for the base

flow was also monitored. The isotherms are qualitatively

similar to those presented in Fig. 1 (right). More quantita-

tively, out of the eight combinations, the maximum deviation

from the purely conductive temperature distribution is equal

to 0.07 and is found on the free surface for Re¼ 125 and

S¼ 0.5.

If the temperature distribution in the base flow and the

temperature disturbances are not essential for the destabiliz-

ing mechanism, they are however crucial in the crystal

growth process as temperature oscillations are directly

related to crystal defects. As a first approximation, tempera-

ture can be considered as a passive scalar.
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“Building a reduced model for nonlinear dynamics in Rayleigh-Bénard

convection with counter-rotating disks,” Phys. Rev. E 81, 036323 (2010).
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