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Problem and main result

We consider a C* bounded domain D in R" for n =3, D its boundary. We write n, for the
unit outward normal vector at x € 9D. Inspired by physical models [KS20] we study the

kinetic free-transport equation
Of+v-Vof=0 (z,0)eDxR" (1)

completed with a boundary condition. We consider the Cercignani-Lampis boundary

condition, a generalisation of the diffuse boundary condition treated in [Ber20]. Setting
0+:G ={(x,v) €D xR",£(v-n,) >0}, forall (x,v) € 0_G,t>0,

fltaw)= [ fad)b nlRE S vodd, @
{v'-n,>0}
where R(u — v;x) is given, for (x,u) € 0.G, v € R", with v-n, <0, by
1 1 2 1 — 2
R(u—s v;7) = _ exp( v P (1—rp)|u] )
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oy — (L=ruyl™ . ((1=r)uy v,
2%@W(2—T)>h< 0(z)r, )

where v| = (v-n;)n,, vy =v —v, and the corresponding definitions for u ,u). Here, Iy is
the modified Bessel function given, for all y € R, by

Io(y) :Z% /O Wexp (ycos ¢) de, (4)

0:0D — (0,00) is the temperature at each point x € 9D, and we have two accommoda-
tion coefficients, r; € (0,1) and 7| € (0,2), for, respectively, the normal and the tangential
velocities.
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Figure 1: Diffuse reflection at the boundary, corresponding to 7 | = T = 1. Possible outcoming velocities in
blue.

This problem corresponds to the behavior of a collisionless gas (Knudsen) enclosed 1n a
vessel. Starting from fy, € L'(D x R"), the solution to the problem (1), (2) such that

f(0,z,v)= fo(x,v) a.e. in D x R", (5)

exists and is unique in the L' sense. We are interested here in the long-time behav-
1or of this solution: does it converges towards some steady state ? If so, what
1s the rate of this convergence ? We prove that

1. there exists indeed a steady state towards which the solution converges in
LY (D xR") as t — oo;
2.the rate of this convergence 1s G i)n— for any reasonable f,. This extends

the results known for the case ry=r, =1, and gives another good example
of “weak (hypo)dissipativity”.
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Figure 2: The Cercignani Lampis boundary condition in 2D with /=1 and r | = T = 0.5 (left), r | = T = 0.1
(center), r | = = 1/30 (right). Figures are taken from Chen [Che20].

Well-posedness, mass conservation and semigroup

The problem (1)-(2)-(5) satisfies positivity, a result due to the very simple form of character-
istics and to the fact that the boundary operator is itself positive. The trace of an L' solution
f to (1) exists at the boundary, we write it vf. The mass conservation is easily obtained
using the normalization property of R: for all (z,u) € 0. G,

/ R(u—v;z)|v-n,|dv=1
{vn,<0}

We can thus associate to the problem a semigroup of operators (.5;);>( satisfying mass con-
servation. Given fy€ L'(D x R") an initial datum, ¢t >0 S; fo= f(t,z,v) is the solution to
(1,2, 5) at time . From now on we consider the difference between two solutions, hence f
1s of mass 0.

A Subgeometric Lyapunov Inequality

We introduce the function

inf{s>0:x+sv €D} if (z,v) € (D xR")UI_G,

o(x,v)= .
0 otherwise .

From [Voi80], this function satisfies v - V,o(x,v)=—1 a.e. in D x R", and behaves

as |71\ when |v| — 0. We consider, for ¢ >0, the weights m; = (1 + o(x,v) + +/|v|)" and

1G||im. = || gz for all g € L'(D x R™). One can show that

T
|57 f|m, /f/o 1S5 f llm,ds < | fllm, +0(L+T) flz1, (6)

for 1 <i<(n+1)—, for all T'> 0 and with some constants b, x > 0. The upper bound on ¢
comes from the necessary condition in the proof that for all (z,u) € 0, G,

/ m;(x,v)R(u— v;x)|v-n.|dv < oo.
{v-n,<0}

Deriving this Lyapunov inequality 1s the delicate part of the adaptation of the proof from
the diffuse boundary condition. Indeed, the boundary operator 1s no longer weakly compact
(we retain some information from the incoming velocity). On the other hand, if v 1s the
incoming velocity, and v’ the outcoming one, |v'| < |v| on average.

Doeblin-Harris Condition

Using the nice forms of the characteristics for the problem (1)-(2)-(5), we can show that, for

all p > 0 there exists T'(p) > 0 satisfying for some measure v % 0,

S1(p)f 2V /

tma(@,v)<py

fdxdv, Ve L' (DxR"),f>0. (7)

Sketch of proof in dimension 3

We combine (7) and (6) with the method tailored in [CM21]. We derive the following
alternative:

1l < Al fllze, or ([ fllm, > Al flz,

for some well-chosen A. In both case, for ||.||o.5=||.||2: + 8] ||ms. || f||m,» We prove that
for some oo > 0,5 > 0,

157 fllas < 11 fllas:
from which we conclude ||S7f ||, < Ms|| f||m,_ for all T'> 0, some M5 > 0.
Consider the norm ||.||o.5.1= ||| 21 +B]| - ||m,+ || - ||m,- With a similar computation, for some

/ constant, using
my < Amyg+exma_,

1

+—, We obtain

with €, =
€)
Z)|STfa,p1 < Hf”oz,ﬂ,l_l_aXHSTmeg_-

Iterating this result, we conclude that for all £ > 0,

1
Sifllasa S (
H tf” Bl S (t—|—1)<n_1>_

)1l

reinjecting this in
157 flla .1 2015 f iy < [Nl

and 1terating, we gain one more exponent to conclude that for all £ > 0,

1
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